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Introduction

Statistical Learning Theory
⇒ how to make predictions about the future based on

past experiences

1. Aggregated estimators inL2 regression

2. A better variance control in classification
PAC-Bayesian complexities
Compression schemes complexities

3. Classification under Tsybakov’s type assumptions
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Setup (1/2)

Training set:ZN
1 =

{

Zi , (Xi, Yi) : i = 1, . . . , N
}

,

Xi ∈ X , Yi ∈ Y, Z , X × Y, (Xi, Yi) i.i.d. ∼ P

Prediction function : a mapping fromX toY .
F(X ,Y) ,

{

prediction functions
}

Loss functionL : Y × Y → R

Expected and empirical risks :
R(f) , PL[Y, f(X)] , EP(dX,dY )L[Y, f(X)]

r(f) , P̄L[Y, f(X)] , 1
N

∑N
i=1 L[Yi, f(Xi)]

Target : Using the dataZN
1 , find a prediction function

with the smallest generalization errorR.

Statistical learning theory: a PAC-Bayesian approach – J.-Y. AUDIBERT – p. 3/35



Setup (2/2)

In general there is no estimator̂f : ZN → F(X;Y ) s.t.

lim
N→+∞

sup
P∈M1

+(Z)

{

P
⊗NR(f̂ZN

1
) − inf

f∈F(X ,Y)
R(f)

}

= 0.

⇒ modelF ⊂ F(X ,Y)

f̃ ∈ argmin
f∈F

R(f)

Classification :|Y| < +∞ andL(y, y′) , 1y 6=y′

Regression :Y = R andL(y, y′) , (y − y′)2
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Aggregated estimator inL2 regression (1/4)

Initial set of functionFΘ ,
{

fθ : θ ∈ Θ
}

Mixture model :F ,
{

Eρ(dθ)fθ : ρ ∈ M1
+(Θ)

}

• Interest in mixtures comes from theoretical and practical results

f ∗ , EP(Y/X = ·) ∈ argminF(X ,Y) R

Assumptions:

1. ∀f, g ∈ FΘ ∪ {f ∗}, ∀x ∈ X ,

|f(x) − g(x)| ≤ B

2. ∃α,M > 0 s.t.∀x ∈ X ,

EP(dY ) exp(α|Y − f ∗(X)|/X = x) ≤ M

• Assumptions satisfied in binary classification
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Aggregated estimator inL2 regression (2/4)

Targets :
obtain an empirical bound of the efficiency of any
mixture
study the properties of the mixture minimizing the
empirical bound

Empirical bound : ∃C1, C2 > 0 depending only on the
constantsB, α andM s.t.∀ǫ > 0 and∀0 < λ < C1, with
P⊗N -probability at least1 − 2ǫ, ∀ρ ∈ M1

+(Θ),

(Bλ)
R(Eρ(dθ)fθ) − R(f̃) ≤ (1 + λ)

[

r(Eρ(dθ)fθ) − r(f̃)
]

+2λEP̄Varρ(dθ)fθ + C2

N

K(ρ,π)+log(ǫ−1)
λ

.
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Aggregated estimator inL2 regression (3/4)

Estimator
cut the training set into two pieces

Λ , geometric grid of
[

C√
N

;C
]

∀λ ∈ Λ, defineρ̂λ as the minimizer of bound(Bλ)
associated with the first half

Choosêλ as the ERM over the second half of the
training set

Theorem. Let C , K(ρ̃,π)+log log N

N
andρ̃ ∈ M1

+(Θ) s.t.
R(Eρ̃(dθ)fθ) = minF R. For the previous estimator:
P⊗NR(Eρ̂(dθ)fθ) − minF R ≤ C

(√

C EPVarρ̃(dθ)fθ ∨ C
)

.
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Aggregated estimator inL2 regression (4/4)

Corollary. If |Θ| < +∞, then

P⊗NR(Eρ̂(dθ)fθ) − R(f̃) ≤
{

C log |Θ|
N

whenf̃ ∈ FΘ

C
√

log |Θ|
N

in any case
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Aggregated estimator inL2 regression (4/4)

Corollary. If |Θ| < +∞, then

P⊗NR(Eρ̂(dθ)fθ) − R(f̃) ≤
{

C log |Θ|
N

whenf̃ ∈ FΘ

C
√

log |Θ|
N

in any case

log |Θ|
N

is the optimal convergence rate in model selection
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Aggregated estimator inL2 regression (4/4)

Corollary. If |Θ| < +∞, then

P⊗NR(Eρ̂(dθ)fθ) − R(f̃) ≤
{

C log |Θ|
N

whenf̃ ∈ FΘ

C
√

log |Θ|
N

in any case

log |Θ|
N

is the optimal convergence rate in model selection
√

log |Θ|
N

is the optimal convergence rate for convex

combination when|Θ| >
√

N
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Application to binary classification

Setting

X = Rd

Y = {0; 1}, f ∗(X) = P(Y = 1/X), plug-in :1
f̂≥ 1

2

FΘ , {0R} ∪ {1R} ∪
j∈{1,...,d}

τ∈R

{1xj≥τ} ∪
j′∈{1,...,d}

τ ′∈R

{1x′
j<τ ′},

π : smooth prior distribution

Labels generated from Breiman’s generators
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Application to binary classification

Setting

X = Rd

Y = {0; 1}, f ∗(X) = P(Y = 1/X), plug-in :1
f̂≥ 1

2

FΘ , {0R} ∪ {1R} ∪
j∈{1,...,d}

τ∈R

{1xj≥τ} ∪
j′∈{1,...,d}

τ ′∈R

{1x′
j<τ ′},

π : smooth prior distribution

Labels generated from Breiman’s generators

Results
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A better variance control in classification

Classification :|Y| < +∞ andL(y, y′) , 1y 6=y′

Transductive setting: we are given the training setZN
1 and

N points to classifyXN+1, . . . , X2N .
Target: predict unknown labelsYN+1, . . . , Y2N



































P̄ , 1
N

∑N
i=1 δ(Xi,Yi)

P̄′ , 1
N

∑2N
i=N+1 δ(Xi,Yi)

¯̄
P , 1

2N

∑2N
i=1 δ(Xi,Yi)

r(f) , 1
N

∑N
i=1 1Yi 6=f(Xi) = P̄[Y 6= f(X)]

r′(f) , 1
N

∑2N
i=N+1 1Yi 6=f(Xi) = P̄′[Y 6= f(X)]

¯̄
Pf1,f2

, ¯̄
P[f1(X) 6= f2(X)]
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Relative PAC-Bayesian bounds

Definitions. • A functionQ onZ2N is said to be exchangeable iff for

any permutationσ, QZσ(1),...,Zσ(2N)
= QZ1,...,Z2N

. • πh ,
exp(h)

π exp(h)
· π
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Relative PAC-Bayesian bounds

Definitions. • A functionQ onZ2N is said to be exchangeable iff for

any permutationσ, QZσ(1),...,Zσ(2N)
= QZ1,...,Z2N

. • πh ,
exp(h)

π exp(h)
· π

Theorem. Let π1 andπ2 be exchangeable prior distributions. Define

K1,2 , K(ρ1, π1) + K(ρ2, π2) + log(ǫ−1). For anyǫ > 0, λ > 0, with

P⊗2N -probability at least1 − ǫ, for anyρ1, ρ2 ∈ M1
+(F),

ρ2r
′ − ρ1r

′ + ρ1r − ρ2r ≤ 2λ
N

(ρ1 ⊗ ρ2)
¯̄
P·,· +

K1,2

λ
.
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Relative PAC-Bayesian bounds

Definitions. • A functionQ onZ2N is said to be exchangeable iff for

any permutationσ, QZσ(1),...,Zσ(2N)
= QZ1,...,Z2N

. • πh ,
exp(h)

π exp(h)
· π

Theorem. Let π1 andπ2 be exchangeable prior distributions. Define

K1,2 , K(ρ1, π1) + K(ρ2, π2) + log(ǫ−1). For anyǫ > 0, λ > 0, with

P⊗2N -probability at least1 − ǫ, for anyρ1, ρ2 ∈ M1
+(F),

ρ2r
′ − ρ1r

′ + ρ1r − ρ2r ≤ 2λ
N

(ρ1 ⊗ ρ2)
¯̄
P·,· +

K1,2

λ
.

Theorem. For anyξ ∈]0; 1[ andλ, λ1, λ2 > 0, define
Kloc

1,2 , K
(

ρ1, (π1)−λ1r

)

+ K
(

ρ2, (π2)−λ2r

)

+ log(π1)−λ1r exp
( λ2

1

2ξN
ρ1

¯̄
P·,·

)

+ log(π2)−λ2r exp
( λ2

2

2ξN
ρ2

¯̄
P·,·

)

+ (1 + ξ)log(ǫ−1).

With P⊗2N -probability at least1 − ǫ, for anyρ1, ρ2 ∈ M1
+(F),

ρ2r
′ − ρ1r

′ + ρ1r − ρ2r ≤ 2λ
N

(ρ1 ⊗ ρ2)
¯̄
P·,· +

Kloc
1,2

(1−ξ)λ
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Application to VC theory (1/3)

X , X2N
1

A(X) ,
{

{

f ∈ F : ∀1 ≤ i ≤ N, f(Xi) = σi

}

;σ2N
1 ∈ {0; 1}2N

}

N(X) ,
∣

∣A(X)
∣

∣ =
∣

∣

{

[f(Xk)]
2N
k=1 : f ∈ F

}∣

∣

πU(X) : exchangeable distribution uniform onA(X) to the extent

thatπU(X)(A) = 1
N(X)

for anyA ∈ A(X).

Theorem. With P⊗2N -probability at least1 − ǫ, for anyf1, f2 ∈ F ,

r′(f2) − r′(f1) ≤ r(f2) − r(f1) +

√

8 ¯̄
Pf1,f2

[

2 log N(X)+log(ǫ−1)
]

N
.

In particular, introducing̃f ′ , argminF r′, we obtain

r′(f̂ERM) − r′(f̃ ′) ≤ r(f̂ERM) − r(f̃ ′) +

√

8 ¯̄
P

f̂ERM,f̃ ′ [2 log N(X)+log(ǫ−1)]

N
.
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Application to VC theory (2/3)

Localized theorem. For anyλ ≥ 0, define

Cλ(f) , log
∑

A∈A(X) exp
{

− λ
[

(r + r′)A − (r + r′)(f)
]

}

.

Let C(f, g) , minλ≥0

{

Cλ(f) + Cλ(g)
}

. For anyǫ > 0, with

P⊗2N -probability at least1 − ǫ,

r′(f̂ERM)−r′(f̃ ′) ≤ r(f̂ERM)−r(f̃ ′)+

√

8 ¯̄
P

f̂ERM,f̃ ′ [C(f̂ERM,f̃ ′)+log(ǫ−1)]

N
.
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Application to VC theory (2/3)

Localized theorem. For anyλ ≥ 0, define

Cλ(f) , log
∑

A∈A(X) exp
{

− λ
[

(r + r′)A − (r + r′)(f)
]

}

.

Let C(f, g) , minλ≥0

{

Cλ(f) + Cλ(g)
}

. For anyǫ > 0, with

P⊗2N -probability at least1 − ǫ,

r′(f̂ERM)−r′(f̃ ′) ≤ r(f̂ERM)−r(f̃ ′)+

√

8 ¯̄
P

f̂ERM,f̃ ′ [C(f̂ERM,f̃ ′)+log(ǫ−1)]

N
.

Illustration of localization efficiency by a toy example.

X = [0; 1], F = {1[θ;1]; θ ∈ [0; 1]}
Y = 1X≥θ̃ for someθ̃ ∈ [0; 1] andP(dX) absolutely continuous

wrt Lebesgue measure.

 Non localized inequality givesr′(f̂ERM) ≤ 8 log(2N+1)+4log(ǫ−1)
N

 Localized inequality givesr′(f̂ERM) ≤ 37+5log(ǫ−1)
N
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Application to VC theory (3/3)

Empirical VC-bound taking into account the variance term

F̄ ,
{

f ∈ F : r(f) ≤ r(f̂ERM) +

√

8 ¯̄
Pf̂ERM,f [2 log N(X)+log(ǫ−1)]

N

}

.

Theorem. For anyǫ > 0, with P⊗2N -probability at least1 − ǫ,

r′(f̂ERM)−r′(f̃ ′) ≤ sup
f∈F̄

{

r(f̂ERM)−r(f)+

√

8 ¯̄
P

f̂ERM,f
[2 log N(X)+log(ǫ−1)]

N

}

To simplify, we can weaken the previous inequality into

r′(f̂ERM) − r′(f̃ ′) ≤
√

8 supF̄
¯̄
Pf̂ERM,·[2 log N(X)+log(ǫ−1)]

N
.
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Another way of controlling the variance term

Reminder

ρ2r
′ − ρ1r

′ + ρ1r − ρ2r ≤ 2λ
N

(ρ1 ⊗ ρ2)
¯̄
P·,· +

K1,2

λ

Target: use the bounds to design efficient estimators

Basic approach: consider(ρ2, π2, ρ1, π1) =
(

ρ, π, δf̃ , δf̃

)

.

 ρr′ − r′(f̃) ≤ ρr − r(f̃) + 2λ
N

ρ ¯̄
P·,f̃ + K(ρ,π)+log(ǫ−1)

λ
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P·,f̃ + K(ρ,π)+log(ǫ−1)

λ

Main problem : control the variance term
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Another way of controlling the variance term

Reminder

ρ2r
′ − ρ1r

′ + ρ1r − ρ2r ≤ 2λ
N

(ρ1 ⊗ ρ2)
¯̄
P·,· +

K1,2

λ

Target: use the bounds to design efficient estimators

Basic approach: consider(ρ2, π2, ρ1, π1) =
(

ρ, π, δf̃ , δf̃

)

.

 ρr′ − r′(f̃) ≤ ρr − r(f̃) + 2λ
N

ρ ¯̄
P·,f̃ + K(ρ,π)+log(ǫ−1)

λ

Main problem : control the variance term

solution : use iteratively the bounds through comparisons
between observable estimators
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Non localized estimator

Theorem. Let L , log
[

log(eN)ǫ−1
]

and

S(ρ′, ρ′′) , min
λ∈[

√
N ;N ]

{

2λ
N

(

ρ′ ⊗ ρ′′) ¯̄
P·,· +

√
eK(ρ′,π)+K(ρ′′,π)+L

λ

}

.

With P⊗N -proba at least1 − ǫ, ∀ρ′, ρ′′ ∈ M1
+(F),

ρ′′r′ − ρ′r′ ≤ ρ′′r − ρ′r + S(ρ′, ρ′′)

Algorithm. Let ρ0 = π. For anyk ≥ 1, defineρk as the distribution

with the smallest complexityK(ρk, π) such that

ρkr − ρk−1r + S(ρk−1, ρk) ≤ 0. Classify using a function drawn

according to the last posterior distributionρK .
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Non localized estimator

Theorem. Let

G(λ) , − 1
λ

log π exp
(

− λr′
)

+ 1
2λ

log π−λr′ exp
(

72
√

eλ2

N
π−λr′

¯̄
P·,·

)

+ L
2λ

.

With P⊗2N -probability at least1 − ǫ, for anyk ∈ {1, . . . ,K},
ρkr − ρk−1r + S(ρk, ρk−1) = 0, ρkr < ρk−1r andρkr

′ ≤ ρk−1r
′,

K(ρk, π) ≥ K(ρk−1, π),

ρKr′ ≤ min√
N

6
√

e
≤λ≤ N

6
√

e

G(λ).
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Optimality of the estimator

Tsybakov’s type assumptions:

there existsC ′ > 0 and0 < q < 1 such that the covering entropy

of the modelF for the distanceP·,· satisfies for anyu > 0,

H(u,F ,P·,·) ≤ C ′u−q,

there existc′′, C ′′ > 0 andκ ≥ 1 such that for any functionf ∈ F ,

c′′
[

R(f) − R(f̃)
]

1
κ ≤ Pf,f̃ ≤ C ′′[R(f) − R(f̃)

]
1
κ ,

⇒ with P⊗2N -probability at least1 − ǫ,

G(λ) ≤ r′(f̃) + log(eǫ−1)O
(

N− κ
2κ−1+q

)

provided thatλ = N
κ

2κ−1+q (∈ [
√

N ;N ]) andπ is appropriately chosen.

Statistical learning theory: a PAC-Bayesian approach – J.-Y. AUDIBERT – p. 18/35



Localized estimator

Use of localized inequalities leads to an improved estimator
Theorem. Let Λ ,

{

λj ,
√

Ne
j
2 ; 0 ≤ j ≤ log N

}

and

Gloc(j) ,

π−λj−1r′r
′+

sup
0≤i≤j

{

log π−λir
′⊗π−λir

′ exp
(

Cλ2
i

N
P̄

′
·,·

)}

λj
+C log[log(eN)ǫ−1]

λj

for an appropriate constantC > 0. For anyǫ > 0, for the
localized estimator, withP⊗2N -probability at least1 − ǫ,

ρ̂loc r′ ≤ min
1≤j≤log N

Gloc(j).

 improvement in the first term of the guarantee since
π−λr′r

′ ≤ − 1
λ

log π exp
(

− λr′
)

 efficiency of Gibbs classif sincêρloc ∈
{

π−λr, λ ∈ Λ
}

Statistical learning theory: a PAC-Bayesian approach – J.-Y. AUDIBERT – p. 19/35



Compression schemes (1/4)

family of algorithms:F̂ : ∪+∞
n=0Zn × Θ × X → Y .

For anyθ ∈ Θ, F̂θ is an algorithm to the extent that, with any

training setZN
1 , it associates a prediction function̂FZN

1 ,θ : X → Y .

for anyh ∈ N∗, Ih , {1, . . . , N}h. Any I ∈ Ih can be written as

I = {i1, . . . , ih}. DefineIc , {1, . . . , N} − {i1, . . . , ih} and

ZI ,
(

Zi1 , . . . , Zih

)

. The law of the random variableZI will be

denotedPI . For anyJ ⊂ {1, . . . , N}, let P̄J , 1
|J |

∑

i∈J δZi
.

∀I, I1, I2 in I , ∪
2≤h≤N−1

Ih andθ, θ1, θ2 in Θ, introduce














R(I, θ) , P[Y 6= F̂ZI ,θ(X)] r(I, θ) , P̄Ic
[Y 6= F̂ZI ,θ(X)]

P(I1, θ1, I2, θ2) , P[F̂ZI1
,θ1(X) 6= F̂ZI2

,θ2(X)]

P̄(I1, θ1, I2, θ2) , P̄(I1∪I2)c
[F̂ZI1

,θ1(X) 6= F̂ZI2
,θ2(X)]
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Compression schemes (2/4)

Let π : ∪+∞
n=0Zn → M1

+(Θ) associate a prior distribution on the

setΘ with any training sampleZI .

For anyθ ∈ Θ and anyI ∈ Ih, the complexity of the estimator

F̂ZI ,θ is defined asC(I, θ) , log π−1
ZI

(θ) + h log
(

N
α

)

. To shorten

the formulae, introduceC1,2 ,
C(I1,θ1)+C(I2,θ2)+log[(1−α)−2α4ǫ−1]

|(I1∪I2)c| .

For any(I1, θ1, I2, θ2) ∈ I × Θ × I × Θ, define

S(I1, θ1, I2, θ2) ,
√

2C1,2P̄(I1, θ1, I2, θ2) + C2
1,2 + 4C1,2

3
.
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Compression schemes (3/4)

Algorithm. Let I0 ∈ I2 andθ0 ∈ argmaxθ∈ΘπZI0
(θ). For anyk ≥ 1,

defineIk ∈ ∪
2≤h≤N−1

Ih andθk ∈ Θ such that

(Ik, θk) ∈ argmin
(I,θ):r(I,θ)−r(Ik−1,θk−1)+S(I,θ,Ik−1,θk−1)≤0

C(I, θ).

Classify using the function̂FZIK
,θK

where(IK , θK) is the compression

set and algorithm obtained at the last iteration.

⇓
Regularize any initial overfitting algorithm̂f

Way to choose the similarity measure on the input data, and in

particular to choose the kernel of an algorithm

take into account the variance term
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Compression schemes (4/4)

For any(I, θ) ∈ I × Θ,

k(I, θ) , max
{

0 ≤ k ≤ K; C(Ik, θk) ≤ C(I, θ)
}

.

Theorem. With P⊗N -proba at least1 − 2ǫ, for anyk ∈ {1, . . . ,K}, we

have

r(Ik, θk) < r(Ik−1, θk−1) andR(Ik, θk) ≤ R(Ik−1, θk−1),

C(Ik, θk) ≥ C(Ik−1, θk−1),

R(IK , θK) ≤ inf(I,θ)∈I×Θ

{

R(I, θ) + 2S(Ik(I,θ), θk(I,θ), I, θ)
}

,

R(IK , θK) ≤ inf
(I,θ)∈I×Θ

ξ≥0

sup
(I′,θ′)∈I×Θ:
C(I′,θ′)≤C(I,θ)

{

(1 + ξ)R(I, θ) − ξR(I ′, θ′) + 2(1 + ξ)S(I ′, θ′, I, θ)
}

.
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Proof of the compression schemes guarantee

Lemma. With P⊗N -proba at least1 − 2ǫ, ∀I ′, I ′′ ∈ I andθ′, θ′′ ∈ Θ,

R(I ′′, θ′′) − R(I ′, θ′) ≤ r(I ′′, θ′′) − r(I ′, θ′) + S(I ′, θ′, I ′′, θ′′).

By definition of(Ik, θk), we getR(Ik, θk) ≤ R(Ik−1, θk−1).

For any(I, θ) ∈ I × Θ, we have

R(IK , θK) ≤ R
(

Ik(I,θ), θIk(I,θ)

)

≤ R(I, θ) + r
(

Ik(I,θ), θIk(I,θ)

)

− r(I, θ)

+S
(

Ik(I,θ), θIk(I,θ)
, I, θ

)

≤ R(I, θ) + 2S
(

Ik(I,θ), θIk(I,θ)
, I, θ

)
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Complexity and margin assumptions

(u,F ,P·,·)-covering entropy:

H(u,F ,P·,·) , min
{

log |N | : N ⊂ F(X ,Y) s.t.F ⊂ N +BP(u)
}

(u,F ,P·,·)-bracketing entropy:

H[](u,F ,P·,·) , min
{

log |N | : N ⊂ F(X ,Y) s.t.

∀f ∈ F ,∃f ′, f ′′ ∈ N satisfyingPf ′,f ′′ ≤ u andf ′ ≤ f ≤ f ′′}

hq(u) ,







log(eu−1) when q = 0

u−q when q > 0
.
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Complexity assumptions

(CA1) : ∃C ′ > 0 s.t. the covering entropy of the modelF for the

distanceP·,· satisfies for anyu > 0, H(u,F ,P·,·) ≤ C ′hq(u).

(CA2) : ∃C ′ > 0 s.t. the bracketing entropy of the modelF for the

distanceP·,· satisfies for anyu > 0, H [ ](u,F ,P·,·) ≤ C ′hq(u).

(CA3) : ∃C ′ > 0 andπ ∈ M1
+(F) s.t. for anyt > 0, for any

f ′ ∈ F , we haveπ
(

P·,f ′ ≤ t
)

≥ exp [−C ′hq(t)].

Let t, C ′ > 0. A probability distributionπ is said to satisfy

(t, C ′)-(CA3) whenπ
(

P·,f̃ ≤ t
)

≥ exp [−C ′hq(t)].

 (CA2) ⇒ (CA1) ⇔ (CA3)
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Margin assumptions

α ∈ R+ ∪ {+∞}, κ ∈ [1; +∞], η , EP(Y |X = ·), ∆R , R − R(f̃)

(MA1) : Y = {0; 1} and there existsC ′′ > 0 s.t. for anyt > 0,

P
(

0 < |η(X) − 1/2| ≤ t
)

≤ C ′′tα.

(MA2) : there existsC ′′ > 0 such that for any functionf ∈ F ,

Pf,f̃ ≤ C ′′[∆R(f)
]

1
κ .

(MA3) : there existc′′, C ′′ > 0 such that for any functionf ∈ F ,

c′′
[

∆R(f)
]

1
κ ≤ Pf,f̃ ≤ C ′′[∆R(f)

]
1
κ .

(MA4) : there existc′′, C ′′ > 0 such thatP·,f̃ ≤ C ′′[∆R]
1
κ , and for

anyt > 0, π(∆R ≤ t) ≥ c′′π
(

P·,f̃ ≤ C ′′t
1
κ

)

 (MA3) ⇒ (MA4) ⇒ (MA2)

Statistical learning theory: a PAC-Bayesian approach – J.-Y. AUDIBERT – p. 27/35



ERM on nets (1/2)

Theorem. Assume(MA2) and(CA1). When(MA3) holds, we define

(vN , aN ) ,







(

[

log N
N

]
κ

2κ−1 , exp
{

− Č1(log N)
κ

4κ−2 N
κ−1
4κ−2

})

for q = 0
(

N− κ
2κ−1+q , Č1N

− (κ−1)1q≤1+q

q(2κ−1+q)

)

for q > 0

andbN , Č2(vN)
1
κ . When(MA3) does not hold, we define(vN , aN ) ,































(

[

log(eN1/κ)
N

]
κ

2κ−1 , exp
{

− Č1(log[eN 1/κ])
κ

4κ−2 N
κ−1
4κ−2

})

for q = 0
(

N− κ
2κ−1+q , Č1N

− κ−1+q
q(2κ−1+q)

)

for 0 < q < 1
(

(log N)N− 1
2 , Č1(log N)−

1
2 N− 1

2

)

for q = 1
(

N− 1
1+q , Č1N

− 1
1+q

)

for q > 1

andbN , Č2vN .
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ERM on nets (2/2)

For any classifier minimizing the empirical risk among auN -covering

netNuN
such that

aN ≤ uN ≤ bN (1)

and

log
∣

∣NuN

∣

∣ ≤ Č3hq(uN) (2)

for some positive constantšCi, i = 1, . . . , 3, we have

P
⊗N

[

R(f̂) − R(f̃)
]

≤ CvN

for some constantC > 0
(

depending onC ′′, Či, i = 1, . . . , 3 [and also

on c′′ under Assumption(MA3)]
)

.
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Bracketing entropy conditions (1/2)

Theorem. Let us define

wN ,































[

log(eN1/κ)
N

]
κ

2κ−1
under Assumptions(MA2)+(CA2) for q = 0

N− κ
2κ−1+q under Assumptions(MA2)+(CA2) for 0 < q < 1

(log N)N− 1
2 under Assumptions(MA2)+(CA2) for q = 1

N− 1
1+q under Assumptions(MA2)+(CA2) for q > 1

For any classifier̂fERM,N minimizing the empirical risk in a

uN , Č1wN -covering netN for some positive constanťC1, we have
P⊗N

[

R(f̂ERM,N )−R(f̃)
]

≤ C̆wN for some constant̆C > 0
(

depending

onC ′, C ′′ andČ1

)

.
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Bracketing entropy conditions (2/2)

Theorem. Let λN ≥ Č1
hq(wN )

wN
andπ be a probability distribution

satisfying(Č2wN , Č3)-(CA3) for some positive constants

Či, i = 1, . . . , 3. Then we have

P
⊗N

[

π−λN rR − R(f̃)
]

≤ C̆wN

for some constant̆C > 0 (depending onC ′′, Či, i = 1, . . . , 3).
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Empirical covering nets

Theorem. Let Č be positive constant and define

(αq, βq) =







(

1
N

, log N
N

)

whenq = 0
(

exp
{

− N
q

1+q
}

, N− 1
1+q

)

whenq > 0
.

With P⊗N -probability at least1− (αq)
Č , there exists̆C1, C̆2, C̆3, C̆4 > 0

such that for anyu ≥ C̆1βq,

a (u,F ,P·,·)-covering net is a(C̆3u,F , P̄·,·)-covering net,

a (u,F , P̄·,·)-covering net is a(C̆2u,F ,P·,·)-covering net,

H(u,F , P̄·,·) ≤ C̆4hq(u).
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Chaining and VC theory (1/2)

VC-dimension of the setF
V , max

{

|A| : A ∈ X 2N such that|{A ∩ f−1(1) : f ∈ F}| = 2|A|}

Theorem. For anyǫ > 0, with P⊗2N -probability at least1 − ǫ, we have

r′(f̂ERM) ≤ inf
f∈F

{

r′(f)+47

√

(V +1) ¯̄
Pf̂ERM,f

N
log

(

8e
¯̄
P

f̂ERM,f

)

+34

√

¯̄
Pf̂ERM,f log(ǫ−1)

N

}

 P⊗NR(f̂ERM) − R(f̃)

≤ 47

√

(V +1)P⊗2N ¯̄
P

f̂ERM,f̃

N
log

(

8e

P⊗2N ¯̄
Pf̂ERM,f̃

)

+ 34

√

P⊗2N ¯̄
P

f̂ERM,f̃

N
.
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Chaining and VC theory (2/2)

Theorem. Under assumption(MA2), for any setF of
VC-dimensionV , the ERM-classifier satisfies

P⊗NR(f̂ERM) − R(f̃)

≤ C̆

{
(

V
N

log N
)

κ
2κ−1 when1 ≤ κ < +∞

√

V
N

whenκ = +∞
.
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Conclusion

Relative bounds used iteratively allows abetter
variance control

PAC-Bayesian and compression schemes complexities
lead tonew algorithmswhich have nice theoretical
properties

Future work might look deeper at theirpractical
efficiency
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