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Introduction

Statistical Learning Theory
= how to make predictions about the future based or
past experiences

1. Aggregated estimators I, regression

2. A better variance control in classification
» PAC-Bayesian complexities
» Compression schemes complexities

3. Classification under Tsybakov’s type assumptions
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Setup (1/2)

s Trainingset:.Zy ={Z, = (X,,Y;):i=1,...,N},
X,eXY, eV, Z2 X x ), (X,,Y;)iid. ~P
» Prediction function : a mapping froi’ to ).
F(X,Y) = {prediction function$

s LossfunctionL:)Y x Y — R
» EXxpected and empirical risks :

R(f) £ PLIY, f(X)] 2 Bpgax ar) LIY, £(X)
r(f) £ PLIY, F(X)] 2 £ 58, LIY;, £(X0)

Target : Using the dat&Zi, find a prediction function
with the smallest generalization errr
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s In general there is no estimatpr. Z¥ — F(X:;Y) s.t.

im  su {IP®NR ) —  inf R }:o.
N—>—|—OOIP€M}1?(Z) (le) feF(X.,Y) (f)

= modelF C F(X,))

s f € argminR(f)
feF

s Classification Y| < +oo andL(y,y") = 1,2,

s Regressiony =R andL(y,y) = (y — /)




» Initial set of functionFe = {fy: 0 € O}

s Mixture model :F £ {E,qp fo : p € ML(O)}

e Interest in mixtures comes from theoretical and practieslilts
s f*2Ep(Y/X =) cargming ,y R
s Assumptions:

1. Vf,ge FoU{f*}, Vo € X,

f(z) —g(z)| < B
2. da, M > 0s.t.Vr € X,
Ep@y)exp(a]Y — f(X)|/X =z) <M
e Assumptions satisfied in binary classification

B



Aggregated estimator inL, regression (2/4)

Targets :
s Obtain an empirical bound of the efficiency of any
mixture
» study the properties of the mixture minimizing the
empirical bound
Empirical bound : 3, C5 > 0 depending only on the
constants3, a andM s.t.Ve > 0 andV0 < A < (1, with
PN -probability at least — 2¢, Vp € M1 (0),

R(E a0 fo) = R(f) < (14 X)[r(Eya0) fo) — 7(f)]
) 5 ) +log (e
+2AIEpVar, q9) fo (]JV Klp )J;\ sl ),

(Bx)
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Aggregated estimator inL, regression (3/4) .

Estimator
s cutthe training set into two pieces

s A £ geometric grid of[%; C]

s VA € A, definep, as the minimizer of boun@B,) )
associated with the first half

s Choose)\ as the ERM over the second half of the
training set

Theorem. LetC 2 E@mtelsN 5045 ¢ ML (O) s.t.

R(E;40)fo) = ming R. For the previous estimator:
IP®NR( ﬂﬁ(d@)f@) —minr R < C(\/C *)]pvarﬁ(d(g)fg V C)
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Corollary. If |©| < +o0, then

) Cs9 \whenf € Fo
PN R(E a0 fo) — R(f) < { n

Cy/22°0 in any case




Corollary. If |©| < +o0, then

PN R(E a9 fo) — R(f

» celPl whenf € Fo
Cy/22°0 in any case

» 10g|@| is the optimal convergence rate in model selecti




Aggregated estimator InL, regression (4/4)

Corollary. If |©| < +o0, then

r ~log|O| 3
5 C=22  whenf € Fo
PEN R(E, ~R(f)<< n

(Epanfo) = RUJ) < | /5% inany case

1Og|@| IS the optimal convergence rate in model selecti

» \/10g|@| IS the optimal convergence rate for convex
combination when®| > v N
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Setting
s X =R
s YV =A0;1}, f1(X)=P(Y =1/X), plug-in Ao
s Fo = {0r} U{lr} {]lm >7} {]1;1;/.<T/},
j {1 J’ {1 !
TEIR T EIR

s 7 . Smooth prior distribution
s Labels generated from Breiman’s generators




Setting
s X =R
s YV ={0;1}, f*(X)=P(Y =1/X), plug-in Ao
s Fo2 {0r}U{ln} U {leor} U {lyo}

j {1 7’ {1
TEIR TEIR

s 7 . Smooth prior distribution
s Labels generated from Breiman’s generators

Results




A better variance control in classification

s Classification Y| < +oo andL(y,y') = 1,2,

Transductive setting: we are given the training set" and
N points to classifyX y.1, ..., Xon.

Target: predict unknown label¥y_1, ..., Yoy
2
:D/ é NZZ N—1—1 Y;)
P = 2N Zz:l Xz',Yz')
r(f) 2 %X Lyrxy = PIY # f(X)]
C/(f) f % Z?iVNH Ly, 2x) = P'Y # f(X))

IPfl,f2 Ip[fl(X) + f2(X>]
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Definitions. e A function Q on 22" is said to be exchangeable iff for

- . A exp(h
any permutation, Qz_ ...z on = Q71 Zoy-  ® Th = —mxé(,z) T




Definitions. e A function Q on 22" is said to be exchangeable iff for
: exp(h
any permutation, Qz, . .z, .y, = Qzi...zox-  ©Th S SR

Theorem. Let m; andm,; be exchangeable prior distributions. Define
K122 K(p1,m) + K(py, m) + log(e1). For anye > 0, A > 0, with
P®2V-probability at least — ¢, for anyps, p, € ML (F),

par’ — pi1’ 4 pir — por < B (p1 @ ,02)IP T " K”




Relative PAC-Bayesian bounds

Definitions. e A function Q on Z%" is said to be exchangeabile iff for
: exp(h
any permutation, Qz, ., ..z, ox = Q71 Zoy-  ® Th = #}E(fz) 7r

.....

Theorem. Let m; andm,; be exchangeable prior distributions. Define
Kia 2 K(py,m) + K(p2, m) + log(e™!). For anye > 0, A > 0, with
P®2N-probability at least — ¢, for anypy, p, € ML (F),

par’ — prr’ 4 prr — par < R (p1 @ po)F

Theorem. For any¢ €]0; 1] andX, A, A > 0, define _
IC|1C:(23 = K(pl (7‘-1) )\17“> T K(p27 (7T2) )\27“) + log(ﬂ-l) Ar EXP (2€N/011P )

+ log(ms) _x,r €XP (%—NPQ]P.,.) (14 &log(e™t).

With P®2¥-probability at least — ¢, for anyp;, po € ML (F),

,Cloc
1027“ — p1’l“ + P17 — P2’ > < (/01 & IOQ)IP + (1— f))\
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l Application to VC theory (1/3)

. XéXlzN
o AX) 2 {{f e F:VI<i <N, f(X0) = oikiotN € (0,1}
o N(X) 2 JAX)| = [{[F(X)Y, : f e F}

s my(x) - €xchangeable distribution uniform of(X) to the extent
thatmx)(A) = §g forany 4 € A(X).

Theorem. With P®? -probability at least — ¢, for any f1, f» € F,

SI:Pfl o |:2 log N(X)—Hog(e_l)}

r'(f2) =1’ (fr) < r(f2) —r(f1) + \/ N

In particular, introducing’” £ argmin: ', we obtain
21og N (X)+log(e~1)]

T/(fERM) — T/(f/) < T(fERM) — T(f/) T \/SﬁfERM’f/ N
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Localized theorem. For any\ > 0, define

CA(f) 2108 X se iy xp { = A[(r+ 74— (r+7)(f)] }
LetC(f, g) = minyso {C\(f) + Ci(g) }. For anye > 0, with
P®2N -probability at least — e,

(ferm, ") +log(e=1)]

' (ferm) =1 (') < T(fERM)—T(f/)‘l—\/SﬁfERM’fV[C ~




. Application to VC theory (2/3)

Localized theorem. For any\ > 0, define

CA(f) 2 10g X se iy exp { = A+ )4 = (r + ) ()] }-
LetC(f,g) £ miny>o {CA(f) + Ci(g) }. For anye > 0, with
P®2N -probability at least — e,

(ferm, f7)+log(e=1)]

1(f 1( 1 r £/ 8P rerwf 1
e~ (F) < 1 er) — () + ) 2ot 0 .
lllustration of localization efficiency by a toy example.

s X = [O, 1], F = {]1[9;1];(9 - [O, 1]}

o Y =14,4for somed € [0: 1] andP(dX) absolutely continuous
wrt Lebesgue measure.

8log(2N+1)+4log(e~1)

s ~» Non localized inequality gives ( ferm) < )

37+5log(e~ 1)
N

s ~- Localized inequality gives'( ferm) <
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Empirical VC-bound taking into account the variance term

[21og N (X)+log(e —1)]
s {fef r(f) < r(ferm) +\/ e }

Theorem. For anye > 0, with P®?/-probability at least — e,

r'<fERM>—r<f)<sup{ (Fesa) — (1) + / omas 2oE N OO sl 1”}

feF
To simplify, we can weaken the previous inequality into
2log N (X)+log(e~1)]

~ ~ 8 _ P
T/(fERM) . T/(f’) < \/ SUPFE ™ fermy: ~




Reminder

» /027“'—,017“'+/017“—,027“§%(m@m)ﬁ) +K12

s Target: use the bounds to design efficient estimators
Basic approach: consider(ps, 12, p1,m) = (p, T, 0, 5];).

e () € pr— r(f) + B, Kot




Reminder

» /027“'—,017“'+/017“—,027“§%(m@m)ﬁ) +,C12

s Target: use the bounds to design efficient estimators
Basic approach: consider(py, 72, p1,m1) = (p, 7, 07,07).

o ! =) < pr = () R, Mo

Main problem : control the variance term




Another way of controlling the variance term

Reminder

» /)27“/—P17”'+/)17“—P27”§%(m@m)ﬁ) +’C12

s Target: use the bounds to design efficient estimators
Basic approach: consider(py, 72, p1,m1) = (p, 7, 07,07).
s pr! =1 (f) < pr—r(f) + RpP_ + Hlemisle ]

Main problem : control the variance term

solution : use iteratively the bounds through comparisons
between observable estimators

Statistical learnina theorv: a PAC-Bavesian anproach AUDIBERT —n. 15/35 I



Non localized estimator

Theorem. Let L £ log | log(eN)e | and

S )2 min {2(d0 0P, 4 yekEsik e,
(p', p") ACWN:N] N(p :0) , Ve )

With P®"-proba at least — ¢, Vo', p" € ML (F),

p/l,r/_pl/r/ Sp//T—,O/T—FS(p,,,O”)

Algorithm. Let p, = 7. For anyk > 1, definep,, as the distribution
with the smallest complexityk (p,, 7) such that

e — pr—1r + S(pr_1, pr) < 0. Classify using a function drawn
according to the last posterior distributipp .
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Theorem. Let

G(\) = —% log mexp ( — )\7“’) + % log 7_y, exp (72\]/ng2 7T_)\T/If).,.) + L

With P®2Y -probability at least — e, for anyk € {1,..., K},
o p7 — P17 + S(Prs pr—1) = 0, prr < pp—1r andppr’ < pp_q7’,
» K(pk7 7T) Z K(pk—la 7T)1

s pgr’' < min  G(N).
VN N
67 A5z




Optimality of the estimator

Tsybakov’s type assumptions:

s there exist®’ > 0 and0 < ¢ < 1 such that the covering entropy
of the modelF for the distanceP. . satisfies for any. > 0,
H(u, F,P..) < C'u™q,

s there exist”, C" > 0 andx > 1 such that for any functiorf € F,

~

"|R(f) = R(f)]

= with P®?" -probability at least — e,

1
K

=

<P, <C"[R(f) = R(f)]",

G\ < 7(f) + log(ee_l)O( N—%_'Lq)

provided that\ = N1+ (e [v/N; N]) andr is appropriately chosen.
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Localized estimator

Use of localized inequalities leads to an improved estimat
Theorem.Let A = {)\; = v/ Ne?;0 < j <log N} and

Gloc(j) =

2 _
sup { log T_x /@ _y 17 €XP (%IP’) } .
/o, 0<i<j | Clog[log(eN)e ]
T‘-—)\j_l?”//r ! . | .
j J

for an appropriate constadt > 0. For anye > 0, for the

localized estimator, witlP©?" -probability at leasl — e,

A , . .
oc” < min Gloc :
p | min (4)

~ Improvement in the first term of the guarantee since
T < —% log 7 exp ( — )\r’)

~ efficiency of Gibbs classif sincéo. € {7y, A € A}
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. Compression schemes (1/4)

s family of algorithms:F': UZ® 2" x © x X — .
For anyf € ©, Fy is an algorithm to the extent that, with any
training setZ?, it associates a prediction functi@{vﬁ X = ).
o foranyh € N*,Z, = {1,...,N}'. Any I € 7, can be written as
I ={i,...,i,}. Definerc = {1,...,N} — {i1,...,i,} and
Zr = (Zy,...,Z; ). The law of the random variablél will be
denotedP’. ForanyJ C {1,..., N}, letP’ £ 537, ;7

VI.I,,[,inT= U ZI,andd, 6,6, in O, introduce

2<h<N-1
[ R(1.0) 2 P[Y # Fz,0(X)] r(I,0) 2 PT[Y # Fz, o(X)]
$ P(I1,01,15,05) & P[Fy, 0,(X) # Fz, 0,(X))]
| P(I1, 01, 15,05) £ PUURI[Fy, 4 (X) # Fg, 0,(X)]
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Compression schemes (2/4)

s Letrw:U 2" — M. (O) associate a prior distribution on the
set® with any training sample’;.

s Foranyfd € © and anyl € 7,, the complexity of the estimator
Fz,¢is defined a€(1,0) £ log 7, (0) + hlog (&). To shorten

- A C(Il,91)—|—C(Ig,92)—|—10g[((11—a)_2a46_1]
the formulae, introduce’; ; = (0L :

s Forany(li,01,15,05) € T x © x I x O, define

4C1 2

3(11,61,12,(92) é \/201,2IP([17(917[27(92)_|_Cl2,2_|_ 3
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. Compression schemes (3/4)

Algorithm. Let I € 7, andf, € argmax g7z, (¢). Foranyk > 1,
definel, €¢ U 7, andf, € O such that
2<h<N-1

(I, 0k) € argmin C(1,0).
(I,G):r(],@)—r(lk_l,Gk_l)—l—S(I,Q,Ik_l,Hk_l)go

Classify using the functioWAZIK,gK where(/x, 0k ) is the compression
set and algorithm obtained at the last iteration.

4

s Regularize any initial overfitting algorith

» Way to choose the similarity measure on the input data, and in
particular to choose the kernel of an algorithm

o take into account the variance term
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s For any([ 0) € I x O,
k(I1,0) £ max {0 < k < K;C(I,0;) <C(I,0)}.

Theorem. With P®¥-proba at least — 2¢, for anyk € {1,..., K}, we
have

o r(Iy,0,) <r(ly_1,0_1) andR(I, 0r) < R(Ix_1,0k_1),

o C(Iy,0k) > C(Lp_1,0k_1),

» R(Ix,0k) < inf(rgerco {R(I,0) + 25 Lir,0), Onr,0): 1,0) }

R(Ig,0x) < inf sup {
(1,O)eIxO (1’ 9"\eIxO:
r £20 cr.0nH<e,0)

(1+&R(I1,0) — ER(I,0) +2(1 + E)S(I', ¢/, T, 9)}.

B



Lemma. With P®"-proba at least — 2¢, VI', I” € Z and¢’, 0" € ©,
R(I",0") — R(I',0") <r(I",0") —r(I',0")+ S(I',0',1",0").

» By definition Of([k, Hk), we getR([k, Hk) < R(Ik_l, Hk—l)-
s Forany(/,0) € T x ©, we have

INA

R(IKa HK) R([If(fﬁ)7 ka(f,e))
R(]v ‘9) + T(]k(179)7 ka(.r,e)) _ T(Ia ‘9)
+S(Ik(l,0)7 Hlk(j,g) 3 ]7 (9)

R([, 9) -+ ZS([k(I,@), (9]]6([,9) A 9)

VAN

IN




s (u,F,P..)-covering entropy
H(u,F,P..) £min{log|N|: N C F(X,Y)s.t. F CN+Bp(u)}
s (u,F,P..)-bracketing entropy
Hy(u, F,P..) Zmin {log IN] : N C F(X,)) s.t.
Ve F,3f, [ € N satisfyingPy p» <wandf' < f < f”}

—1 L
. ho(n) & log(eu™) when ¢=20 |
u 1 when ¢ > 0




Complexity assumptions

s (CAl) : dC" > 0 s.t. the covering entropy of the modglfor the
distanceP. . satisfies for any. > 0, H (u, F,P..) < C'h,(u).

s (CA2) : dC" > 0 s.t. the bracketing entropy of the modglfor the
distanceP. . satisfies for any, > 0, H!(u, F,P..) < C'h,(u).

s (CA3):3C’" > 0andr € M. (F) s.t. for anyt > 0, for any
f' € F,we haver(P.» <t) > exp[—C'hy(t)].

s Lett,C’ > 0. A probability distributionr is said to satisfy
(t,C")-(CA3) whenm (P ; < t) > exp [-C"hy(t)].

« (CA2) = (CAL) < (CA3)
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Margin assumptions

acRyU{+0}, k€ [l;400,n 2 Ep(Y|X =), AR2 R — R(f)

s (MA1): Y ={0;1} and there exist§" > 0 s.t. for anyt > 0,
P(0 < |n(X)—1/2] <t) <C"t*.

s (MA2): there exists®” > 0 such that for any functiont € F,
P, < C"[AR(f)]*.

s (MA3): there exist”, C" > 0 such that for any functioni € F,
c’ [AR(f)] <P,;<C” [AR(f)}

s (MA4) : there eX|st:”, C" > 0 suchthafP 7 < C”[AR]%, and for
anyt > 0, m(AR < t) > '7(P,; < C"tx)

~ (MA3) = (MA4) = (MA2)
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ERM on nets (1/2)

Theorem. Assume(MA2) and(CAl1). When(MAS3) holds, we define

[ ([25Y]7 7 exp{ — Ci(log N)#= N2 ) forg =0

(vn, an) = 4

forg > 0

K - o (K—l)]lq§1—|—q
(N_ 2k—1+q C’lN q(2r—1+q) )
\

andby 2 Cs(vy ). When(MA3) does not hold, we definey, ay) £

% ([log(ejj\[\fl/’{)} SR ,exp { _ él(log[eNl/m])%”_QNﬂ__lQ }) for ¢ = 0
(N_ﬁ, élN_Q<g':—11++q®) for0 < g <1
< ((log N)N~2,Cy(log N)_%N_%) forg=1
\ (N_quvélN_ﬁ) forg>1

ande = CQUN.
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For any classifier minimizing the empirical risk amongacovering
netN,, such that

ay < uy < by (1)
and
log [Ny | < Cshg(uy) (2)
for some positive constanés,i = 1, ..., 3, we have
PEN[R(f) = R(f)] < Cuw
for some constant’ > 0 (depending o”, C;,i=1,...,3[and also

on¢” under AssumptioiMA3)] ).




. Bracketing entropy conditions (1/2)

Theorem. Let us define

( _ Kk
1/k 2k—1
{log(ejvv )} under Assum

A N~ 2r—T+q under Assum

(log N)N~—2 under Assum

N~ 1+q under Assum

ption@MA2)+(CA2) for g = 0
otionEMA2)+(CA2) for 0 < ¢ <
ption@MA2)+(CA2) forg = 1

ption@VIA2)+(CA2) for g > 1

For any classifiengRM,N minimizing the empirical risk in a
uy = Cwy-covering net\” for some positive constant;, we have
PN [R(fERM,N) — R(f)} < Cwy for some constard > 0 (depending

onC’,C" andC}).
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Theorem. Let Ay > (71%"]‘;@ andr be a probability distribution

satisfying(Cywy, Cs)-(CA3) for some positive constants
Ci.i=1,...,3. Then we have

IP®N [7T_)\NTR — R(f)] < éwN

for some constart' > 0 (depending or”, C;,i = 1,...,3).




Theorem. Let C be positive constant and define

o) wheng = 0

N .
D —quTq},N‘qu) wheng > 0

1
(g, By) = (N’
eXx

(

With PN -probability at least — (), there exists);, Cy, Cs, Cy > 0
such that for any: > C4 3,

s a(u, F,P..)-covering netis 4Csu, F,P..)-covering net,
s a(u,F,P..)-covering netis &4Cyu, F,P..)-covering net,
s H(u,F,P..) < Cihy(u).




o VC-dimension of the seF
V £ max {|A| : A€ X*N suchthat{AnN f~(1): f € F}| =24}

Theorem. For anye > 0, with P®2"-probability at least — ¢, we have

o V4+1)P; P, .log(e~!
(fERM) S mf {T,(f)+47\/( ‘|‘1)NfER|v|,f lOg (I:PASe )_|_34\/IPfERM,J;V g( )}

fer JERM f
~ IP@NR(fERM) — R(f)
< 47\/(V+1)P®]2\]NIPfERMaf log ( 8e ) + 34\/P®2N§fERMaf.

R2NTP . -
> IPfERM>f




Theorem. Under assumptio(MA2), for any setF of
VC-dimensionV/, the ERM-classifier satisfies

R(F)

ERM
<O -
o { \/% whenk = +o0




Conclusion

» Relative bounds used iteratively allow$atter
variance control

» PAC-Bayesian and compression schemes complexitig
ead tonew algorithmswhich have nice theoretical
oroperties

» Future work might look deeper at theractical
efficiency
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