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Abstract. We presenta new variationalmethodfor multi-view stereovision andnon-rigid
three-dimensionalmotionestimationfrom multiple videosequences.Our methodminimizes
the predictionerror of the shapeandmotion estimates.Both problemsthentranslateinto a
genericimageregistrationtask.The latter is entrustedto a global measureof imagesimi-
larity, chosendependingon imagingconditionsandsceneproperties.Contrarily to existing
deformablesurfacesmethods,which integratea matchingmeasurecomputedindependently
at eachsurfacepoint, our approachcomputesa global image-basedmatchingscorebetween
the input imagesand the predictedimages.The matchingprocessfully handlesprojective
distortionandpartialocclusions.Neighborhoodaswell asglobalintensityinformationcanbe
exploited to improve the robustnessto appearancechangesdueto non-Lambertianmaterials
andilluminationchanges,withoutany approximationof shape,motionor visibility. Moreover,
our approachresultsin a simpler, more �e xible, andmoreef�cient implementationthan in
existingmethods.Thecomputationtimeon largedatasetsdoesnotexceedthirty minutesona
standardworkstation.Finally, our methodis compliantwith a hardwareimplementationwith
graphicsprocessorunits. Our stereovision algorithm yields very good resultson a variety
of datasetsincludingspecularitiesandtranslucency. We have successfullytestedour motion
estimationalgorithmonaverychallengingmulti-view videosequenceof anon-rigidscene.

Keywords: stereovision, non-rigid 3D motion, scene�o w, registration,predictionerror, re-
projectionerror, variationalmethod,global image-basedmatchingscore,crosscorrelation,
mutualinformation,non-Lambertiansurface,level sets.

1. Intr oduction

1.1. PROBLEM STATEMENT

Recovering the geometryof a scenefrom several imagestaken from dif-
ferent viewpoints, namely stereovision, is one of the oldest problemsin
computervision. More recently, someauthorshave consideredestimating
the densenon-rigid three-dimensionalmotion �eld of a scene,often called
scene�ow 1 [36], from multiple videosequences.In this case,theinput data

1 The scene�o w should not be confusedwith the optical �o w, which is the two-
dimensionalmotion�eld of pointsin animage.Theoptical�o w is theprojectionof thescene
�o w in theimageplaneof acamera.
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area two-dimensionalarrayof images,in which eachrow is a multi-view
stereovision datasetfor a given time instant,andeachcolumnis a videose-
quencecapturedby a givencamera.Combiningstereovision andscene�o w
allows to build a spatio-temporalmodel of a dynamicscene.Oncesucha
modelis available,somenovel virtual viewsof thescenecanbegeneratedby
interpolationacrossspaceandtime [35].

Stereovision and scene�o w estimationboth require to matchdifferent
imagesof the samescene,in other words to �nd points in different cam-
erasand in different framescorrespondingto a samephysical point. Once
the correspondenceproblemis solved, the shapeandthe three-dimensional
motionof thescenecanberecoveredeasilyby triangulation.Unfortunately,
the correspondenceproblemis a very dif�cult task in computervision be-
causea scenepatchgenerallyhasdifferent shapesand appearanceswhen
seenfrom differentpointsof view andat differenttimes.To overcomethis
dif�culty , mostexisting stereovision andscene�o w algorithmsrely on un-
realisticsimplifying assumptionsthatdisregardeither/bothshape/appearance
changes.

1.2. COMMON PHOTOMETRIC AND GEOMETRIC ASSUMPTIONS USED

FOR SHAPE AND MOTION ESTIMATION

The oldestandmostnaive assumptionaboutthe photometricpropertiesof
a sceneis brightnessconstancy: correspondingpixels areassumedto have
thesamecolor. This only appliesto strictly Lambertianobjectsandrequires
a precisephotometriccalibration of the cameras.Yet this assumptionis
still popularin thestereovision literature.It motivatesthemulti-view photo-
consistency measureusedin voxel coloring [28], spacecarving[19], andin
somedeformablesurfacesmethods[6, 20]. Similarly, thevariationalformu-
lation of [32] relieson squareintensitydifferences.In a laterpaper[31], the
sameauthorsmodel the intensity deviations from brightnessconstancy by
a multivariateGaussian.However, this doesnot remove any of the severe
limitationsof thissimplisticassumption.

This assumptionis alsopresentin many methodsfor scene�o w estima-
tion, throughthe useof the spatio-temporalderivativesof the input images
[39, 4, 21]. Dueto thebrightnessconstancy assumptionandto thelocal rele-
vanceof spatio-temporalderivatives,thesedifferentialmethodsapplymainly
to slowly-moving scenesunderconstantillumination.

For abetterrobustnessto noiseandto realisticimagingconditions,match-
ing measuresembeddedin stereovision and scene�o w algorithmshave to
aggregateneighborhoodintensityinformation.In return,they areconfronted
with geometricdistortionbetweenthedifferentviews andthedifferenttime
instants.Somestereovision methodsdisregard this dif�culty and use�x ed
matchingwindows. The underlyingassumptionis calledthe fronto parallel
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hypothesis: theretinalplanesof thecamerasareidenticalandthesceneis an
assemblyof planesparallel to them.This assumptioncanstill be found in
recentwork [20, 12]. To minimize the impactof projective distortion,these
authorscomputethestereodiscrepancy of a scenepatchwith its mostfront-
facing camerasonly. However, this approximationis questionablein most
camerasetups.

Somemethodsgo beyond this hypothesisby taking into accountthe
tangentplane to the object [8, 13, 6, 9], or by using adaptive matching
windows [14, 25]. More generally, most techniquestraderobustnessto re-
alistic photometricconditionsfor an approximationof shapeandmotion in
thecomputationof thematchingmeasure.As a result,the robustnessof the
matchingprocessis uncertainin the partsof the scenethat do not verify
theseapproximations.For example,using�x edmatchingwindows for stereo
correspondenceleadsto anoversmoothingof depthdiscontinuities.Similarly,
usinga tangentplaneapproximationto computethematchingmeasureasin
[8, 13,6, 9], evenif thetangentplaneatnearbypointsdoesnothaveto bethe
same,is not relevantin theregionsof highcurvatureof theobjects.

1.3. PREVIOUS WORK ON MULTI-VIEW COMPLETE STEREOVISION

Doing a completereview of thestereovision areais out of thescopeof this
article. We limit ourselves to the methodsthat allow to obtain a complete
reconstructionof ascenefrom ahighnumberof inputviews.Themethodsin
which thegeometryis representedby oneor severaldepthmapsor disparity
mapsarenot of interesthere,becausethey only yield partial modelsof the
scene.Severalsuchmodelscanbefusedatpost-processing,but anywaythese
methodscannothandlevisibility globallyandconsistentlyduringtheestima-
tion. For sake of completeness,let us mentiontwo recentimportantworks
in this category: the graphcutsmethodof [16] andthe PDE-basedmethod
of [32]. The interestedreadercanalsorefer to [26] for a goodtaxonomyof
densetwo-framerecti�ed stereocorrespondencealgorithms.

Thus, in the following, we focus on multi-view completestereovision
methods.Thesemethodsfall into two categories:the spacecarving frame-
work andthedeformablesurfacesframework.

1.3.1. Spacecarving
In the spacecarving framework [19], the sceneis representedby a three-
dimensionalarrayof voxels.Eachvoxel canbe labeledemptyor occupied.
Whenthe algorithmstarts,all voxels areoccupied.Thenthe volumeis tra-
versedin an adequateorder. If a voxel is not consistentwith all the input
images,it is relabeledempty. Theorderof thetraversalis importantbecause
the visibility of the voxels is taken into accountin the consistency test. In
an earliermethodcalledvoxel coloring [28], therewasa constrainton the
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placementof the cameras,and the algorithm requiredonly a single pass.
Spacecarving handlesarbitrary cameracon�gurationsbut is a little more
expensivecomputationally.

Thespacecarvingframework suffers from several importantlimitations.
First, it makes hard decisions.Oncea voxel is carved away, it cannotbe
recovered.And if one voxel is removed in error, further voxels can be er-
roneouslyremoved in a cascadeeffect. This limitation is partially alleviated
by theprobabilisticspacecarvingmethod[3]. Second,in theoriginal space
carvingalgorithm,thephoto-consistency testderivesfrom a brightnesscon-
stancy constraint,andthechoiceof theglobalthresholdonthecolorvariance
is oftenproblematic.Recently, therehave beensomeattemptsto relaxthese
photometricconstraints[34, 38]. Therobustnessto calibrationerrorsis also
addressedin [18]. Third, the voxel-basedrepresentationdisregardsthecon-
tinuity of shape,which makes it very hard to enforceany kind of spatial
coherence.As a result,spacecarvingis very sensitive to noiseandoutliers,
andtypically yieldsverynoisyreconstructions.

1.3.2. Deformablesurfaces
Thesemethodsinherit from the active contourmethodpioneeredin [15].
Here,contrarily to the spacecarvingframework, the formulationis contin-
uousandhasa geometricinterpretation.Theunknown sceneis modelledby
a two-dimensionalsurface,andscenereconstructionis statedin termsof an
energy minimization.An initial surface,positionedby theuser, is drivenby a
partialdifferentialequationminimizinganenergy functional.

Theearlierandmostinspiringwork in thiscategory is thelevel setstereo-
visionmethodof [8]. In thiswork, thestereovisionproblemis formulatedasa
minimalsurfaceapproach,in thespirit of thegeodesicactivecontoursmethod
[5]. In other words, the energy functional is written as the integral on the
unknown surfaceof a data�delity criterion.This criterion is thenormalized
crosscorrelationbetweenimagepairs.Thesurfaceevolution is implemented
in the level setframework [22]. On theonehand,theimplicit representation
offers numericalstability and the ability to handletopologicalchangesau-
tomatically. On the otherhand,it is quite expensive computationally, even
with a narrow bandapproach.Several variationsto this approachhave been
proposed:animplementationwith meshes[6], theadditionof 3D pointsdata
[6, 20] and of silhouetteinformation [12, 20], and an extensionto spatio-
temporalscenes[9]. More original is the methodproposedin [13] to cope
with non-Lambertianscenes.This methodcanestimateboth the shapeand
thenon-Lambertianre�ectanceof thescene.It outputsa geometricandpho-
tometricmodelwhich allows to predictthe appearanceof novel views. The
surfacedeformationis drivenby theminimizationof the rankof a radiance
tensor.
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Thesedeformablesurfacesmethodsshareseveral limitations.First, in all
thesemethods,thematchingmeasureis computedindependentlyateachsur-
facepoint, thenthesequantitiesareintegratedon thesurface.Thematching
measureat a point relieson a local approximationof the surface,eitherby
a fronto-parallelplane[20, 12] or at bestby the tangentplane[8, 13, 6, 9].
Moreover, thevisibility of thewholeneighborhoodis assumedto bethesame
as the referencepoint. For example, in [8], the crosscorrelationbetween
two slantedmatchingwindows is computedwithout taking into accountthe
eventualpartial occlusionsof the windows. The primary purposeof these
assumptionsis a simpli�cation of the modellingandof the resultingcom-
putations.They are clearly not valid in real-world scenes,which typically
includemany occlusions,depthdiscontinuitiesandsharpangles.Thus,these
simplifying assumptionsmaketherobustnessof thematchingprocessonreal
dataveryuncertain.

Second,all thesemethodsfollow a minimal surfaceapproach.Onedraw-
backof this approachis that data�delity andregularizationaremixed. As
a result, it is dif�cult to tune the regularizingbehavior. A gooddiscussion
of this topic can be found in [29]. The authorsshow in somenumerical
experimentsthat the resultsof [13] canbe further improved by integrating
thematchingmeasureon theimagesratherthanon thesurface.

Third, they lack �e xibility in thechoiceof thematchingcriterion.Photo-
consistency [6, 20], the normalizedcrosscorrelation[8, 9, 12] and lastly
theradiancetensor[13] have beenconsidered.Thesematchingmeasuresare
hard-wiredin their respective methodandcannotbe upgradedto copewith
differentimagingconditions.

Finally, the dependency of the matchingmeasureon the surfacenormal
leadsto a complex implementation.It requiresto handlematchingwindows
of differentshapesor atessellationof thetangentplane,ateachsurfacepoint.
It also resultsin a very complex minimizing �o w involving second-order
derivatives of the matchingscore[10, 30]. More precisely, the energy has
thefollowing form:

E(S) =
Z

S
g(x; N ) dx ; (1)

whereS denotesthesurfaceandg thematchingmeasure.Thegradientwrites

r E(S) = [r g � N + 2gH � divS(gN )] N ; (2)

whereN is the normal,H is the meancurvatureof the surface,gN is the
derivative of the matchingmeasurewith respectto the orientationof the
tangentplaneanddivS is theintrinsicdivergenceoperatoron thesurface.

Thecomputationof thelasttermof equation(2) is tricky, time-consuming
andunstable,and,to ourknowledge,all authorshave resignedto ignoreit.
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1.4. PREVIOUS WORK ON SCENE FLOW ESTIMATION

Three-dimensionalmotion estimationfrom multiple video sequenceshas
long beenlimited to rigid or piecewise-rigid scenesor parametricmodels.
Theproblemof computinga densenon-rigidthree-dimensionalmotion�eld
from multiple videosequenceshasbeenaddressedonly recently. Two types
of methodsprevail in thescene�o w literature.

The�rst family of methods[39, 4,21] reliesonthespatio-temporalderiva-
tivesof the input images.As pointedout in [36], estimatingthe scene�o w
from thesederivativeswithout regularizationis anill-posedproblem.Indeed,
the associatednormal �o w equationsonly constrainthe scene�o w vector
to lie on a line parallel to the iso-brightnesscontouron the object.This is
nothing but a 3D versionof the apertureproblemfor optical �o w [1]. In
[4, 21], several samplesof the spatio-temporalderivativesarecombinedin
order to overconstrainthe scene�o w, whereasin [39], the apertureprob-
lem is solvedby complementingthenormal�o w constraintwith a Tikhonov
smoothnessterm. However, dueto the underlyingbrightnessconstancy as-
sumption,and to the local relevanceof spatio-temporalderivatives, these
differentialmethodsapplymainlyto slowly-movingLambertianscenesunder
constantillumination.

In the secondfamily of methods[36, 39], the optical �o w is computed
independentlyin eachcamera,thentheseestimationsarecombinedto getthe
scene�o w. This approachis not optimal sinceit disregardsthe consistency
betweenthe different correspondingoptical �o ws. Moreover, the noise in
the different optical �o ws and the bias introducedby the heuristicspatial
smoothnessconstraintsalterthescene�o w in anunpredictablemanner.

1.5. MOTIVATIONS OF OUR APPROACH

In this article,we proposea commonvariationalframework for multi-view
completestereovision andscene�o w estimationwhich overcomesmostof
the limitations listedabove. Themetricusedin our framework is theability
to predicttheotherinput views from oneinput view andtheestimatedshape
or motion.This is relatedto themethodologyproposedin [33] for evaluating
the quality of motionestimationandstereocorrespondencealgorithms.But
in ourmethod,thepredictionerroris usedfor theestimationitself ratherthan
for evaluationpurposes.

Contrarily to existing deformablesurfacesapproaches,which computea
matchingmeasureindependentlyat eachsurfacepoint and integratethese
quantitieson the surface,or on the imagedomainas in [29], our approach
computesa global image-basedmatchingscorebetweenthe input images
and the predictedimages.The matchingprocessfully handlesprojective
distortionandpartialocclusions.Neighborhoodaswell asglobalintensityin-
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formationcanbeexploitedto improve therobustnessto appearancechanges,
withoutany approximationof shape,motionor visibility.

Our formulation is completelydecoupledfrom the natureof the image
similarity measureusedto assessthequality of theprediction.It canbe the
normalizedcrosscorrelation,somestatisticalmeasuressuchas the corre-
lation ratio [24], mutual information[37], or any otherapplication-speci�c
measure.Throughthis choice,we canmake theestimationrobust to camera
spectralsensitivity differences,non-Lambertianmaterialsand illumination
changes.Also, any user-de�ned regularityconstraintcanbeused.

Our methodcomputesglobal matchingscoreson entire imagesfrom
which projective distortionandsemi-occludedregionshave beenremoved,
therebyavoiding the complex machineryusually neededto handlemany
matchingwindows of differentshapes,or many tessellationsof the tangent
plane.Thepixelsusedin thecomputationof thematchingscoreareexactly
the onesthat are visible, judging from the currentposition of the surface.
Moreover, the minimizing �o w is muchsimplerthanin [8, 13, 6, 9], in the
sensethat it only involves�rst-order derivativesof thematchingscore.This
resultsin elegantandef�cient algorithms.

Our scene�o w methoddoesnot fall into the two existing categories.It
worksdirectly in 3D objectspace.It evolvesa 3D vector�eld to registerthe
input imagescapturedatdifferenttimes.

The restof this article is organizedasfollows. In Section2, we present
our variational formulation of multi-view completestereovision and non-
rigid 3D motionestimation.In Section3, we detail two particularsimilarity
measuresthatcanbeusedin ourframework: normalizedcrosscorrelationand
mutual information.Section4 describesour implementationwith level sets
andgraphicscardhardwareacceleration.Finally, in Section5,wepresentour
experimentalresults.

2. Minimizing the Prediction Err or

Our methodconsistsin maximizing,with respectto shapeandmotion, the
similarity betweeneachinputview andthepredictedimagescomingfrom the
otherviews. We adequatelywarp the input imagesto computethepredicted
images,which simultaneouslyremoves projective distortion. Numerically,
this canbedoneat a low computationalcostusingtexture-mappinggraphics
hardware(cf Section5). For example,in the caseof stereovision, it corre-
spondsto whatis classicallyknown asthereprojectionerror:weback-project
the imagetakenby onecameraon thesurfaceestimate,thenwe projectit to
theothercamerasto predicttheappearanceof theotherviews.Thecloserthe
shapeestimateis to the actualgeometry, the more similar the reprojected
imageswill be to the correspondinginput images,modulo noise,calibra-
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tion errors,appearancechangesand semi-occludedareas.This is the core
principle of our approach.Although the expression“reprojectionerror” is
morecommonin thestereovision literature,we use“predictionerror” in the
following, becauseit hasthe advantageof beingrelevant to both shapeand
motionestimation.

In our framework, bothshapeandmotionestimationareformulatedasa
genericimageregistrationtask.Thisanalogyis widely usedin thecontext of
recti�ed stereovision andoptical �o w. But it hasfewer illustrationsin multi-
view stereowith arbitrary cameracon�gurations,and it is de�nitely novel
in the context of scene�o w estimation.The registrationtaskis entrustedto
a global measureof imagesimilarity, chosendependingon imagingcondi-
tionsandsceneproperties.Thismeasureis basicallya functionmappingtwo
imagesto a scalarvalue.Themoresimilar thetwo imagesare,thelower the
valueof themeasureis.Neighborhoodaswell asglobalintensityinformation
canbeusedin thismeasure.

We incorporatethe similarity measureand a regularizationterm in an
energy functional.The regularizationterm is requiredto make the problem
well-posed.It is application-speci�c.For example,it could be designedto
preserve shapeor motion discontinuities.Here we focus primarily on the
designof thematchingtermandweproposeabasicsmoothingregularization
term.

Theexactminimizationof our energy functionalsis computationallyun-
feasibledueto the hugenumberof unknowns. Indeed,simulatedannealing
is extremelyslow in practice.The graph cutsmethodis a powerful energy
minimization methodwhich allows to �nd a global minimum or a strong
local minimum of an energy. In the last few years,this methodhasbeen
successfullyappliedto severalproblemsin computervision,includingstereo-
vision[16] andimagesegmentation[2]. However, it hasaseverelimitation: it
cannotbeappliedto anarbitraryenergy function[17], and,whenapplicable,
is computationallyexpensive.

In our case,graphcuts are not applicable.A suboptimalstrategy must
beadopted.To minimizeour energy functionals,we usea gradientdescent,
embeddedin amulti-resolutioncoarse-to-�nestrategy to decreasetheproba-
bility of gettingtrappedin irrelevant local minima.We run theoptimization
on aseriesof smoothedandsubsampledimages.

2.1. STEREOVISION

In thefollowing, let asurfaceS � R3 modeltheshapeof thescene.Wenote
I i : 
 i � R2 ! Rd the imagecapturedby camerai . In practiced = 1
for grayscaleimagesor d = 3 for color images.Theperspective projection
performedby camerai is denotedby � i : R3 ! R2. Our methodtakesinto
accountthevisibility of thesurfacepoints.In thesequel,we will refer to Si
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Figure 1. Thecamerasetupandournotations.

asthepartof S visible in imagei . Thereprojectionfrom camerai onto the
surfaceis denotedby � � 1

i;S : � i (S) ! Si . With this notationin hand,the
reprojectionof imagej in camerai via the surfacewrites I j � � j � � � 1

i;S :
� i (Sj ) ! Rd. We note M a genericmeasureof similarity betweentwo
images.

ThematchingtermM is thesumof thedissimilaritybetweeneachinput
view andthe reprojectedimagescomingfrom all the othercameras.Thus,
for eachorderedpair of cameras(i; j ), we computethe similarity between
I i andthe reprojectionof I j in camerai via S, on the domainwhereboth
arede�ned, i.e. 
 i \ � i (Sj ), in otherwordsafterdiscardingsemi-occluded
regions:

M (S) =
X

i

X

j 6= i

M ij (S) ; (3)

M ij (S) = M j 
 i \ � i (Sj )

�
I i ; I j � � j � � � 1

i;S

�
: (4)

Following [29], and for the reasonsgiven in Subsection1.3, we depart
from the minimal surfaceapproach.Our energy functional is the sumof a
matchingterm computedin the imagesandof a user-de�ned regularization
term.But our approachgoesfurtherthan[29], in thesensethatthematching
processis globalandcompletelyimage-based.In contrast,in [29], thematch-
ing measurewas computedindependentlyat eachsurfacepoint, using an
object-basedtangentplaneapproximation,andlater integratedon the image
domain.

We now computethe variationof the matchingterm with respectto an
in�nitesimal vector displacement� S of the surface.Figure 1 displaysthe
camerasetupandour notations.We neglect thevariationrelatedto visibility
changes.Indeed,the latter would yield an additional term con�ned to the
horizonsof thesurfacein thedifferentcameras.Hence,this termonly hasa
codimension-two supportandits in�uence would beconsiderablydecreased
by theregularity constraint.This technicalassumptionis commonlyusedin
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thestereovision literature[8, 13, 6, 20]. Usingthechainrule,weget

@M ij (S + � � S)
@�

�
�
�
�
� =0

=

Z


 i \ � i (Sj )
@2M (x i )| {z }

1� d

DI j (x j )
| {z }

d� 2

D� j (x)
| {z }

2� 3

@� � 1
i;S + � � S(x i )

@�

�
�
�
�
�
� =0| {z }

3� 1

dx i ;

wherex i is the position in imagei andD: denotesthe Jacobianmatrix of
a function. To guide the reader, we have indicatedthe dimensionsof the
differentmatricesappearingin theproduct.

Whenthesurfacemoves,thereprojectedimagechanges.Hencethevari-
ation of the matchingterm involvesthe derivative of thesimilarity measure
with respectto its secondargument,denotedby @2M . Its meaningis detailed
in Section3. Throughoutthissection,for sakeof conciseness,wehaveomit-
tedthe imagesfor which this derivative is evaluated.But thereadermustbe
awarethatthereprojectedimages,aswell asthedomainswherethesimilarity
measuresarecomputed,changealongtheminimizing �o w.

We then use a relation betweenthe motion of the surface and the
displacementof thereprojectedsurfacepoint x = � � 1

i;S (x i ):

@� � 1
i;S + � � S(x i )

@�

�
�
�
�
�
� =0

=
N T � S(x)

N T d i
d i ;

whered i is the vector joining the centerof camerai andx, and N is the
outward surfacenormalat this point. Finally, we rewrite the integral in the
imageasanintegralon thesurfaceby thechangeof variable

dx i = � N T d i dx=z3
i ;

wherezi is thedepthof x in camerai , andweobtain

@M ij (S + � � S)
@�

�
�
�
�
� =0

=

�
Z

Si \ Sj

�
@2M (x i )D I j (x j )D � j (x)

d i

z3
i

�
�
N T � S(x)

�
dx :

In otherwords,thegradientof thematchingtermis

rM ij (S)(x) = � � Si \ Sj (x)
�
@2M (x i )D I j (x j )D � j (x)

d i

z3
i

�
N ; (5)

where� : is the Kronecker symbol.As expected,the gradientcancelsin the
regions not visible from both cameras.Note that the term betweensquare
bracketsis ascalarfunction.
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The regularizationterm is typically the areaof the surface,and the as-
sociatedminimizing �o w is a meancurvaturemotion.The evolution of the
surfaceis thendrivenby

@S
@t

=

2

4� � H +
X

i

X

j 6= i

� Si \ Sj @2M DI j D� j
d i

z3
i

3

5 N ; (6)

whereH denotesthe meancurvatureof S, and � is a positive weighting
factor.

2.2. SCENE FLOW

Let now St model the shapeof the sceneandI t
i be the imagecapturedby

camerai at time t. Let vt : St ! R3 be a 3D vector�eld representingthe
motion of the scenebetweent andt + 1. The matchingterm F is the sum
over all camerasof thedissimilaritybetweenthe imagestakenat time t and
thecorrespondingimagesat t + 1 warpedbackin timeusingthescene�o w.

F (vt ) =
X

i

F i (vt ) ; (7)

F i (vt ) = M
�

I t
i ; I t+1

i � � i � (Id + vt ) � � � 1
i;S t

�
: (8)

Its gradientwrites

r T F i (vt )(x) =

� � St
i
(x)

N T d i

z3
i

@2M (x i )| {z }
1� d

DI t+1
i

�
� i (x + vt (x))

�

| {z }
d� 2

D� i (x + vt (x))
| {z }

2� 3

:

(9)

Here,theregularizationtermis typically theharmonicenergy of the�o w
over thesurface,andthecorrespondingminimizing �o w is an intrinsic heat
equationbasedon the intrinsic Laplacian,oftencalledtheLaplace-Beltrami
operator. Theevolutionof thescene�o w is thendrivenby

@vt

@�
= � � St vt +

X

i

� St
i

N T d i

z3
i

�
@2M DI t+1

i D� i
� T

; (10)

where� is the �ctitious time of theminimization,� St denotestheLaplace-
Beltramioperatoron thesurface,and� is apositiveweightingfactor.
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3. SomeSimilarity Measures

In this section,we presenttwo similarity measuresthat canbe usedin our
framework: normalizedcrosscorrelationandmutualinformation[37]. Cross
correlationassumesa local af�ne dependency betweenthe intensitiesof the
two images,whereasmutual information can copewith generalstatistical
dependencies.We have picked thesetwo measuresamonga broaderfamily
of statisticalcriteria proposedin [11] for multimodal imageregistration.In
the following, we considertwo scalarimagesI 1; I 2 : 
 � R2 ! R. The
measuresbelow canbe extendedto vector(e.g.color) imagesby summing
over thedifferentcomponents.

Notethat theshapeof 
 canbevery complex. In practice,it corresponds
to the domainwhereboth an input imageandan associatedpredictionare
de�ned. In otherwords,semi-occludedregionsarediscardedfrom 
 .

The minimizing �o ws given in Section2 involve the derivative of the
similarity measurewith respectto the secondimage,denotedby @2M . The
meaningof this derivative is the following: given two imagesI 1; I 2 : 
 !
Rd, we note@2M (I 1; I 2) the functionmapping
 to the row vectorsof Rd,
verifying for any imagevariation� I :

lim
� ! 0

M (I 1; I 2 + � � I ) � M (I 1; I 2)
�

=
Z



@2M (I 1; I 2)(x) � I (x) dx : (11)

3.1. CROSS CORRELATION

Crosscorrelationis still the most popularstereovision matchingmeasure.
Most methodssettlefor �x ed rectangularcorrelationwindows. In this case,
thechoiceof thewindow sizeis adif�cult trade-off betweenmatchreliability
andoversmoothingof depthdiscontinuitiesdueto projective distortion[26].
Someauthorsalleviate this problemby usingadaptive windows [14, 25]. In
our method,we matchdistortion-freeimages,so the size of the matching
window is not relatedto a shapeapproximation.The matterhereis in how
big a neighborhoodtheassumptionof af�ne dependency is valid. Typically,
non-Lambertianscenesrequireto reducethesizeof thecorrelationwindow,
making the estimationlessrobust to noiseand outliers. In our implemen-
tation, insteadof hard windows, we usesmoothGaussianwindows. They
make thecontinuousformulationof our problemmoreelegantandthey can
beimplementedef�ciently with fastrecursive �ltering.

Thus,wegatherneighborhoodinformationusingconvolutionsby aGaus-
siankernelof standarddeviation � . Thelocalmean,variance,covarianceand
crosscorrelationof thetwo imagesrespectively write

� i (x) =
G� ? I i (x)

! (x)
; vi (x) =

G� ? I 2
i (x)

! (x)
� � 2

i (x) + � 2 ;
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v1;2(x) =
G� ? I 1I 2(x)

! (x)
� � 1(x) � 2(x) ; cc(x) =

v1;2(x)
p

v1(x)v2(x)
;

where! is a normalizationfunctionaccountingfor theshapeof thedomain:
! (x) =

R

 G� (x � y ) dy . The � constantpreventsthe denominatorfrom

being zero. Beyond its numericalusefulness,this constanthasa rigorous
justi�cation, asshown in [11]. It is relatedto theParzenGaussiankernelused
to estimatethelocal joint probabilitydistributionof thetwo images[23].

Weaggregatetheoppositeof thelocal crosscorrelationto getasimilarity
measurecorrespondingto ourneeds:

M CC (I 1; I 2) = �
Z



cc(x) dx : (12)

The minimizing �o w involved by our methodincludesthe derivative of
thesimilarity measurewith respectto thesecondimage.In thiscase,it writes

@2M CC (I 1; I 2)(x) = � (x) I 1(x) + � (x) I 2(x) +  (x) ; (13)

where

� (x) = G� ?
� 1

!
p

v1 v2
(x) ; � (x) = G� ?

cc
! v2

(x) ;

 (x) = G� ?
�

� 1

!
p

v1 v2
�

� 2 cc
! v2

�
(x) :

In practice,alongthe minimizing �o w, the � ; � ;  functionschangeslowly
relative to I 1 andI 2. So,in our implementation,we updatethemonly every
teniterationsto reducethecomputationalburden.

3.2. MUTUAL INFORMATION

Mutual informationis basedon the joint probability distribution of the two
images,estimatedby theParzenwindow method[23] with aGaussiankernel
of standarddeviation � :

P(i 1; i 2) =
1

j
 j

Z



G� (I 1(x) � i 1 ; I 2(x) � i 2) dx : (14)

We noteP1; P2 themarginals:

P1(i 1) =
Z

R
P(i 1; i 2) di2 ; P2(i 2) =

Z

R
P(i 1; i 2) di1 :

Our measureis theoppositeof themutualinformationof thetwo images:

M M I (I 1; I 2) = �
Z

R2
P(i 1; i 2) log

P(i 1; i 2)
P1(i 1)P2(i 2)

di1 di2 : (15)
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Its derivativewith respectto thesecondimagewrites[11, 7]:

@2M M I (I 1; I 2)(x) = � (I 1(x); I 2(x)) ; (16)

where

� (i 1; i 2) =
1

j
 j
G� ?

�
@2P
P

�
P0

2

P2

�
(i 1; i 2) :

In our implementation,the� functionis updatedonly every teniterations.

4. Implementation Issues

Wehave implementedourmethodin thelevel setframework [22], motivated
by its numericalstability andits ability to handletopologicalchangesauto-
matically. However, our methodis not speci�c to a particularsurfacemodel:
animplementationwith mesheswouldbestraightforward.

Thepredictedimagescanbecomputedveryef�ciently thanksto graphics
cardhardware-acceleratedrasterizingcapabilities.In our implementation,we
determinethevisibility of surfacepointsin all camerasusingOpenGLdepth
buffering, we computethe reprojectionof an imageto anothercameravia
thesurfaceusingprojective texturemapping,andwe discardsemi-occluded
areasusingshadow-mapping[27]. Thebottleneckin our currentimplemen-
tation is the computationof the similarity measure.Sinceit only involves
homogeneousoperationson entire images,we could probably resort to a
graphicsprocessorunit basedimplementationwith fragmentshaders(see
http://www.gpgpu.org).

Theonly parametersinherentto our framework aretheregularizationco-
ef�cients � and� in equations(6) and(10). This beingsaid,the similarity
measureembeddedin our methodmayhave its own parameters:thesizeof
the correlationwindow for crosscorrelation,the standarddeviation of the
Parzenkernelfor mutualinformation,etc.

In all the experimentsof Section5, we have useda matchingwindow
with a standarddeviation of 2 pixels (� = 2) for crosscorrelation,and a
Parzenkernelof variance10 (� 2 = 10) for bothcrosscorrelationandmutual
information.

5. Experimental Results
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5.1. STEREOVISION

Table I describesthe stereovision datasetsused in our experiments.All
datasetsare color imagesexcept “Hervé” which is grayscale.All are real
imagesexcept“Buddha”. “Cactus” and“Gargoyle” arecourtesyof Pr. Ky-
ros Kutulakos (University of Toronto). “Buddha” and “Bust” are publicly
availablefrom theOpenLFsoftware(LFM project,Intel).

TableI. Descriptionof thestereovisiondatasetsusedin ourexperiments.

Name #Images Imagesize #Pairs Measure Level setsize Time (sec.)

Hervé 2 512� 512 2 MI 1283 107

Cactus 30 768� 484 60 CC 1283 1670

Gargoyle 16 719� 485 32 MI 1283 905

Buddha 25 500� 500 50 CC 1283 530

Bust 24 300� 600 48 CC 128x128x256 1831

We have usedeithercrosscorrelation(CC) or mutual information(MI),
with � = 2 and � 2 = 10. Both perform well on thesecomplex scenes.
“Buddha” and“Bust” areprobablythemorechallengingdatasets:“Buddha”
is a syntheticscenesimulatinga translucentmaterialand “Bust” includes
strongspecularities.

Usingall possiblecamerapairsis not necessarysince,whentwo cameras
are far apart,no or little part of the sceneis visible in both views. Conse-
quently, in practice,we only pick pairsof neighboringcameras.Thenumber
of camerapairsusedin eachexperimentis givenin TableI.

The numberof iterationsis 600 for all datasets.However, in most of
our experiments,theconvergenceis attainedearlier, sothecomputationtime
couldbereducedusinganappropriatestoppingcriterion.Theonly exception
is the “Hervé” dataset,wherethe rearpart of the face,not visible from any
of the two cameras,is only drivenby a meancurvaturemotion,andhasnot
yet convergedafter 600 iterations,causinga roundedshapebehindthe face
insteadof a join of minimalarea.

In all our experiments,the regularizeris a meancurvaturemotion, and
the initial surfaceis an approximateboundingbox of the scene.Although
this initial guessis very far from the objects,we manageto converge to
theexpectedshapeandto recover its concavities thanksto thecoarse-to-�ne
strategy. We usefour levels in themulti-resolutionpyramid.Sothe level set
sizeat the coarserresolutionis 163 for mostdatasetsand16x16x32for the
“Bust” dataset.

Weshow ourresultsin Figures2,3,4,5and6.Foreachdataset,wedisplay
someof theinputimages,thegroundtruthwhenavailable,thensomeviewsof
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Figure 2. “Hervé” stereopair andour results.

Figure 3. Someimagesfrom the“Cactus”datasetandour results.

theestimatedshape,and�nally thesameviews afterreprojectingthetexture
comingfromthemostfront-facingcamera.Notethatthistexture-mappedrep-
resentationdoesnotaimatphotorealism.In particular, it generatesartifactsat
theplaceswherethesourceof thetexturechanges.It is only intendedto show
thevalidity of theoutputof our methodfor moresophisticatedimage-based
renderingtechniques.
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Figure 4. Someimagesfrom the“Gargoyle” datasetandour results.

In all our experiments,theoverall shapeof theobjectsis successfullyre-
covered,anda lot of detailsarecaptured:theeyesandthemouthof “Hervé”,
thestingsof “Cactus”,theearsandthepedestalof “Gargoyle”, thenoseand
thecollar of “Buddha”, theearsandthemustacheof “Bust”. A few defects
areof coursevisible. Someof themcanbe explained.The hole aroundthe
stick of “Gargoyle” is not fully recovered.This may be due to the limited
numberof images(16): somepartsof the concavity arevisible only in one
camera.Thedepressionin the foreheadof “Bust” is relatedto a very strong
specularity:intensity is almostsaturatedin someimages.In Figure 7, we
illustratethemulti-resolutionevolution of thesurfacefor the“Bust” dataset,
startingfrom acoarseboundingbox.

Finally, in Table II, we compareour resultswith the non-Lambertian
stereovision methodof [13] on the “Buddha” and the “Bust” datasets.We
adoptthe sameshapeerror measurethan in their work: the ratio between
thevolumeof thesymmetricdifferencebetweentheestimatedshapeandthe
true shapeand the volume of the true shape.The errorson the “Buddha”
datasetarecomparable.Our methodperformssigni�cantly betterthan[13]
on the “Bust” dataset.Moreover, visually, our reconstructionsare slightly
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Figure 5. Someimagesfrom the“Buddha”dataset,groundtruthandour results.

Table II. Quantitative comparisonbetweenour method
andthenon-Lambertianstereovisionmethodof [13].

Method Erroron “Buddha” Erroron “Bust”

[13] 3.5% 5.7%

Ourmethod 4.0% 3.0%
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Figure 6. Someimagesfrom the“Bust” dataset,pseudogroundtruthandour results.
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moredetailed.But above all, our computationtime is considerablysmaller.
It doesnot exceedthirty minuteson a 2 GHz PentiumIV PC underLinux,
versusseveralhours.

5.2. STEREOVISION + SCENE FLOW

We have testedour scene�o w algorithmon a challengingmulti-view video
sequenceof a non-rigid scene.The “Yiannis” sequenceis taken from a
collection of datasetsthat were madeavailable to the community by Dr.
PatrickBakerandDr. JanNeumann(Universityof Maryland)for benchmark
purposes.This sequenceshows a character(Pr. YiannisAloimonos)talking
while rotatinghis head.It wascapturedby 22 camerasat 54 fps plus8 high-
resolutioncamerasat6 fps.Herewefocuson the30synchronizedsequences
at the lower frame rate to demonstratethat our methodcan handlelarge
displacements.

Wehaveappliedsuccessively ourstereovisionandscene�o w algorithms:
oncewe know the shapeSt , we computethe 3D motion v t with our scene
�o w algorithm.SinceSt + v t is a very goodestimateof St+1 , we useit as
the initial conditionin our stereovision algorithmandwe performa handful
of iterationsto re�ne it. This is mushfasterthanrestartingtheoptimization
from scratch.We alsocomputethebackwardmotion from t + 1 to t for the
purposeof time interpolation.

In this experiment,we usecrosscorrelationwith thevalueof theparame-
tersgivenin Section4. Thelevel setsizeis 1283 andthenumberof levelsof
themulti-resolutionpyramidis 4.

Figure8 displaysthe �rst four framesof oneof the input sequenceand
our estimationof shapeand3D forwardmotionat correspondingtimes.We
successfullyrecover the openingandclosingof the mouth,followedby the
rotation of the headwhile the mouth opensagain. Moreover, we capture
displacementsof morethantwentypixels.

We use our results to generatetime-interpolated3D sequencesof the
scene.To synthesizeimagesat intermediatetime instants,we can either
usethe previous shapeand texture warpedby the forward motion, or the
next shapeand texture warpedby the backward motion. Ideally the two
shouldcoincideexactly, but of coursethis is never the casein practice.As
a consequence,we linearly interpolatebetweenforward and backward ex-
trapolatedimagesto guaranteea smoothblendingbetweenframes.In return
it causes“crossfading”artifactsin someplaceswhereforwardandbackward
extrapolationsigni�cantly diverge.

We displaya shortexcerptof sucha time-interpolatedsequencein Fig-
ure9. Notetheprogressive openingandclosingof themouth.Pleaseseethe
accompanying videoandtheOdysśeeLabwebpagefor moreresults.
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Figure 7. Multi-resolutionshapeevolution for the“Bust” dataset.

Figure 8. First imagesof onesequenceof the“Yiannis”datasetandour results.

Figure 9. An excerptof thetime-interpolated3D sequencefor the“Yiannis”dataset.
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6. Conclusionand Futur eWork

We have presenteda novel methodfor multi-view stereovision and scene
�o w estimationwhich minimizesthepredictionerrorusinga global image-
basedmatchingscore.We adequatelywarp the input views andwe register
theresultingdistortion-freeimageswith auser-de�ned imagesimilarity mea-
sure,which canincludeneighborhoodandglobal intensityinformation.No
approximationof shape,motionor visibility is madein thematchingprocess.

We have implementedour stereovision methodin the level set frame-
work andwe have obtainedresultscomparingfavorablywith state-of-the-art
methods,even on complex non-Lambertianreal-world images including
specularitiesand translucency. Using our algorithm for motion estimation,
we have successfullyrecoveredthe 3D motion of a non-rigidsceneandwe
have synthesizedtime-interpolated3D sequences.

Our futurework includesa hardwareimplementationof our stereovision
methodwith graphicsprocessorunitsto furtherreducethecomputationtime,
and the fusion of shapeand motion estimationsin order to exploit their
redundancy.
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