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Curve Propagation, Level Set
Methods and Grouping

N. Paragios

ABSTRACT
Image segmentation and object extraction are among the most well ad-
dressed topics in computational vision. In this chapter we present a com-
prehensive tutorial of level sets towards a flexible frame partition paradigm
that could integrate edge-drive, regional-based and prior knowledge to ob-
ject extraction. The central idea behind such an approach is to perform
image partition through the propagation planar curves/surfaces. To this
end, an objective function that aims to account for the expected visual
properties of the object, impose certain smoothness constraints and encode
prior knowledge on the geometric form of the object to be recovered is pre-
sented. Promising experimental results demonstrate the potential of such
a method.

1 Introduction

Image segmentation has been a long term research initiative in computa-
tional vision. Extraction of prominent edges [14] and discontinuities be-
tween in-homogeneous image regions was the first attempt to address seg-
mentation. Statistical methods that aim to separate regions according to
their visual characteristics was an attempt to better address the problem
[11], while the snake/active contour model [16] was a breakthrough in the
the domain.

Objects are represented using parametric curves and segmentation is ob-
tained through the deformation of such a curve towards the lowest potential
of an objective function. Data-driven as well as internal smoothness terms
were the components of such a function. Such a model refers to certain
limitations like, the initial conditions, the parameterisation of the curve,
the ability to cope with structures with multiple components, and the
estimation of curve geometric properties.

Balloon models [8] where a first attempt to make the snake independent
with respect to the initial conditions, while the use of regional terms forcing
visual homogeneity [45] was a step further towards this direction. Prior
knowledge was also introduced at some later point [37] through a learning
stage of the snake coefficients. Geometric alternatives to snakes [3] like
the geodesic active contour model [4] were an attempt to eliminate the
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parameterisation issue.
Curves are represented in an implicit manner through the level set method

[24]. Such an approach can handle changes of topology and provide suffi-
cient support to the estimation of the interface geometric properties. Fur-
thermore, the use of such a space as an optimisation framework [44], and
the integration of visual cues of different nature [25] made these approaches
quite attractive to numerous domains [23]. One can also point recent suc-
cessful attempts to introduce prior knowledge [19, 32] within the level set
framework leading to efficient object extraction and tracking methods [33].

To conclude, curve propagation is an established technique to perform
object extraction and image segmentation. Level set methods refer to a
geometric alternative of curve propagation and have proven to be a quite
efficient optimisation space to address numerous problems of computational
vision. In this chapter, first we present the notion of curve optimisation in
computer vision, then establishes a connection with the level set method
and conclude with the introduction of ways to perform segmentation using
edge-driven, statistical clustering and prior knowledge terms.

2 On the Propagation of Curves

Let us consider a planar curve Γ : [0, 1] → R×R defined at a plane Ω. The
most general form of the snake model consists of:

E(Γ) =
∫ 1

0

(αEint(Γ(p)) + βEimg(I(Γ(p))) + γEext(Γ(p))) dp (1.1)

where I is the input image, Eint[= w1|Γ′| + w2|Γ′′|] imposes smoothness
constraints (smooth derivatives), Eimg[= −|∇I|] makes the curve to be
attracted from the image features (strong edges), Eext encodes either user
interaction or prior knowledge and α, β, γ are coefficients that balance the
importance of these terms.

The calculus of variations can be used to optimise such a cost function. To
this end, a certain number of control points are selected along the curve, and
the their positions are updated according to the partial differential equation
that is recovered through the derivation of E(Γ) at a given control point
of Γ. In the most general case a flow of the following nature is recovered:

Γ(p; τ) = (αFgm(Γ) + βFimg(I) + γFpr(Γ))︸ ︷︷ ︸
F

N (1.2)

where N is the inward normal and Fgm depends on the spatial derivatives
of the curve, the curvature, etc. On the other hand, Fimg is the force that
connects the propagation with the image domain and Fpr(Γ) is a speed
term that compares the evolving curve with a prior and enforces similarity
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FIGURE 1. Level set method and tracking moving interfaces; the construction
of the (implicit) φ function [figure is courtesy of S. Osher].

with such a prior. The tangential component of this flow has been omitted
since it affects the internal position of the control points and doesn’t change
the form of the curve itself.

Such an approach refers to numerous limitations. The number and the
sampling rule used to determined the position of the control points can af-
fect the final segmentation result. The estimation of the internal geometric
properties of the curve is also problematic and depends on the sampling
rule. Control points move according to different speed functions and there-
fore a frequent re-parameterisation of the contour is required. Last, but no
least the evolving contour cannot change the topology and one cannot have
objects that consist of multiple components that are not connected.

2.1 Level Set Method

The level set method was first introduced in [10] and re-invented in [24]
to track moving interfaces in the community of fluid dynamics and then
emerged in computer vision [3, 21]. The central idea behind these methods
is to represent the (closed) evolving curve Γ with an implicit function φ
that has been constructed as follows:

φ(s) =


0, s ∈ Γ

−ε, s ∈ Γin

+ε, s ∈ Γout

where epsilon is a positive constant, Γin the area inside the curve and
Γout the area outside the curve as shown in [Figure (1)]. Given the partial
differential equation that dictates the deformation of Γ one now can derive
the one for φ using the chain rule according to the following manner:

∂

∂τ
φ(Γ(p; τ)) =

φ(Γ(p; τ))
∂Γ

∂Γ(p; τ)
∂τ︸ ︷︷ ︸
FN

+
∂φ

∂τ
= F (∇φ · N ) + φτ = 0 (1.3)
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FIGURE 2. Demonstration of curve propagation with the level set method; han-
dling of topological changes is clearly illustrated through various initialization
configurations (a,b,c).

Let us consider the arc-length parameterisation of the curve Γ(c). The
values of φ along the curve are 0 and therefore taking the derivative of φ
along the curve Γ will lead to the following conditions:

∂φ(Γ(c))
∂c

= 0 → ∂φ

∂Γ
(Γ(c)) · ∂Γ

∂c
= 0 → ∇φ(c) · T (c) = 0 (1.4)

where T (c) is the tangential vector to the contour. Therefore one can con-
clude that ∇φ is orthogonal to the contour and can be used (upon normali-
sation) to replace the inward normal

[
N = − ∇φ

|∇φ|

]
leading to the following

condition on the deformation of φ:

−F |φ|+ φτ = 0 → φτ = F |φ| (1.5)

Such a flow establishes a connection between the family of curves Γ that
have been propagated according to the original flow and the ones recovered
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through the propagation of the implicit function φ. The resulting flow is
parameter free, intrinsic, implicit and can change the topology of the evolv-
ing curve under certain smoothness assumptions on the speed function F .
Last, but not least, the geometric properties of the curve like its normal
and the curvature can also be determined from the level set function [24].
One can see a demonstration of such a flow in [Figure (2)].

In practice, given a flow and an initial curve the level set function is
constructed and updated according to the corresponding motion equation
in all pixels of the image domain. In order to recover the actual position of
the curve, the marching cubes algorithm [20] can be used that is seeking for
zero-crossings. One should pay attention on the numerical implementation
of such a method, in particular on the estimation of the first and second
order derivatives of φ, where the ENO schema [24] is the one to be con-
sidered. One can refer to [36] for a comprehensive survey of the numerical
approximation techniques.

In order to decrease computational complexity that is inherited through
the deformation of the level set function in the image domain, the nar-
row band algorithm [7] was proposed. The central idea is update the level
set function only within the evolving vicinity of the actual position of the
curve. The fast marching algorithm [35, 40] is an alternative technique that
can be used to evolve curves in one direction with known speed function.
One can refer to earlier contribution in this book [Chapter 7] for a com-
prehensive presentation of this algorithm and its applications. Last, but
not least semi-implicit formulations of the flow that guides the evolution
of φ were proposed [12, 42] namely the additive operator splitting. Such
an approach refers to a stable and fast evolution using a notable time step
under certain conditions.

2.2 Optimisation and Level Set Methods

The implementation of curve propagation flows was the first attempt to
use the level set method in computer vision. Geometric flows or flows re-
covered through the optimisation of snake-driven objective functions were
considered in their implicit nature. Despite the numerous advantages of the
level set variant of these flows, their added value can be seen as a better
numerical implementation tool since the definition of the cost function or
the original geometric flow is the core part of the solution. If such a flow
or function does not address the desired properties of the problem to be
solved, its level set variant will fail. Therefore, a natural step forward for
these methods was their consideration in the form of an optimisation space.

Such a framework was derived through the definition of simple indicator
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functions as proposed in [44] with the following behaviour

δ(φ) =
{

0 , φ 6= 0
1 , φ = 0 , H(φ) =

 1 , φ > 0
0 , φ = 0
0 , φ < 0

(1.6)

Once such indicator functions have been defined, an evolving interface Γ
can be considered directly on the level set space as

Γ = {s ∈ Ω : δ(φ) = 1} (1.7)

while one can define a dual image partition using the H indicator functions
as:

Γin = {s ∈ Ω : H(−φ) = 1}
Γout = {s ∈ Ω : H(−φ) = 0}

, Γin ∪ Γout = Ω (1.8)

Towards continuous behaviour of the indicator function [H] , as well as well-
defined derivatives [δ] in the entire domain a more appropriate selection was
proposed in [44], namely the Dirac and the Heaviside distribution:

δα(φ) =

{
0 , |φ| > α
1
2α

(
1 + cos

(
πφ
α

))
, |φ| < α

Hα(φ) =


1 , φ > α
0 , φ < −α
1
2

(
1 + φ

α + 1
π sin

(
πφ
α

))
, |φ| < α

(1.9)

Such an indicator function has smooth, continuous derivatives and the fol-
lowing nice property:

∂

∂φ
Hα(φ) = δα(φ)

Last, but not least one consider the implicit function φ to be a signed
distance transform D(s,Γ),

φ(s) =

 0 , s ∈ Γ
D(s,Γ) , s ∈ Γin

−D(s,Γ) , s ∈ Ω− Γin = Γout

(1.10)

Such a selection is continuous and supports gradient descent minimisa-
tion techniques. On the other hand it has to be maintained, and therefore
frequent re-initialisations using either the fast marching method [35] or
PDE-based approaches [38] were considered. In [13] the problem was stud-
ied from a different perspective. The central idea was to derive the same
speed function for all level lines - the one of the zero level set - an approach
that will preserve the distance function constraint.
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3 Data-driven Segmentation

The first attempt to address such task was made in [21] where a geometric
flow was proposed to image segmentation. Such a flow was implemented
in the level set space and aimed to evolve an initial curve towards strong
edges constrained by the curvature effect. Within the last decade numerous
advanced techniques have taken advantage of the level set method for object
extraction.

3.1 Boundary-based Segmentation

The geodesic active contour model [4, 17] - a notable scientific contribution
in the domain - consists of

E(Γ) =
∫ 1

0

g (|∇Iσ (Γ(p)) |) |Γ′(p)| dp (1.11)

where Iσ is the output of a convolution between the input image and a
Gaussian kernel and g is a decreasing function of monotonic nature. Such
a cost function seeks a minimal length geodesic curve that is attracted
to the desired image features, and is equivalent with the original snake
model once the second order smoothness component was removed. In [4]
a gradient descent method was used to evolve an initial curve towards the
lowest potential of this cost function and then was implemented using the
level set method.

A more elegant approach is to consider the level set variant objective
function of the geodesic active contour;

E(φ) =
∫∫

Ω

δα(φ(ω))g (|∇Iσ(ω)|) |∇φ(ω)|dω (1.12)

where Γ is now represented in an implicit fashion with the zero-level set of
φ. One can take take the derivative of such a cost function according to φ:

φτ = δα(φ)div
(

g(; )
∇φ

|∇φ|

)
(1.13)

where ω and |∇Iσ(ω)| were omitted from the notation. Such a flow aims to
shrink an initial curve towards strong edges. While the strength of image
gradient is a solid indicator of object boundaries, initial conditions on the
position of the curve can be issue. Knowing the direction of the propagation
is a first drawback (the curve has either to shrink or expand), while having
the initial curve either interior to the objects or exterior is the second
limitation. Numerous provisions were proposed to address these limitations,
some of them aimed to modify the boundary attraction term [29], while
most of them on introducing global regional terms [45].
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3.2 Region-based Segmentation

In [26] the first attempt to integrate edge-driven and region-based parti-
tion components in a level set approach was reported, namely the geodesic
active region model. Within such an approach, the assumption of knowing
the expected intensity properties (supervised segmentation) of the image
classes was considered. Without loss of generality, let us assume an im-
age partition in two classes, and let rin(I), rout(I) be regional descriptors
that measure the fit between an observed intensity I and the class inte-
rior [rin(I)] and exterior to [rout(I)] the curve. Under such an assumption
one can derive a cost function that separates the image domain into two
regions:

• according to a minimal length geodesic curve attracted by the regions
boundaries,

• according to an optimal fit between the observed image and the ex-
pected properties of each class,

E(φ) = w

∫∫
Ω

δα(φ(ω))g (|∇Iσ(ω)|) |∇φ(ω)|dω

+
∫∫

Ω

Hα(−φ(ω))rin(I)dω +
∫∫

Ω

(1−Hα(−φ(ω)))rout(I)dω

(1.14)

where w is a constant balancing the contributions of the two terms. One can
see this framework as an integration of the geodesic active contour model [4]
and the region-based growing segmentation approach proposed in [45]. The
objective is to recover a minimal length geodesic curve positioned at the
object boundaries that creates an image partition that is optimal according
to some image descriptors. Taking the partial derivatives with respect to
φ, one can recover the flow that is to be used towards such an optimal
partition:

φτ = δα(φ)(rin(I)− rout(I)) + wδα(φ)div
(

g(; )
∇φ

|∇φ|

)
(1.15)

where the term δα(−φ) was replaced with δα(φ) since it has a symmetric
behaviour. In [26] such descriptor function was considered to be the -log of
the intensity conditional density [pin(I), pin(I)] for each class

rin(I) = −log (pin(I)) , rout(I) = −log (pout(I))

In [34] the case of supervised image segmentation for more than two classes
was considered using the frame partition concept introduced in [44]. One
can also refer to other similar techniques [1]. Promising results were re-
ported from such an approach for the case of image in [27] [Figure (3)] and
for supervised texture segmentation in [28].
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FIGURE 3. Multi-class image segmentation [27] through integration of
edge-driven and region-based image metrics; The propagation with respect to the
four different image classes as well as the final presentation result is presented.

However, segmentation often refers to unconstrained domains of compu-
tational vision and therefore the assumption of known appearance proper-
ties for the objects to be recovered can be unrealistic. Several attempts were
made to address this limitation. To this end, in [5, 43] an un-supervised
region based segmentation approach based on the Mumford-Shah [22] was
proposed. The central idea behind these approaches of bi-modal [5] and
tri-modal [43] segmentation was that image regions are piece-wise constant
intensity-wise.

The level set variant of the Mumford-Shah [22] framework consists of
minimising

E(φ, µin, µout) =

w

∫∫
Ω

δα(φ(ω))|∇φ(ω)|dω +
∫∫

Ω

Hα(−φ(ω))(I(ω)− µin)2dω

+
∫∫

Ω

(1−Hα(−φ(ω)))(I(ω)− µout)2dω

(1.16)
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where both the image partition [φ] and the region descriptors [µin, µout]
for the inner and the outer region are to be recovered. The calculus of
variations with respect to the curve position and the piece-wise constants
can be consider to recover the lowest potential of such a function,

µin =

∫∫
Ω
H(−φ)I(ω)dω∫∫
Ω
H(−φ)dω

, µout =

∫∫
Ω
(1−H(−φ))I(ω)dω∫∫
Ω
(1−H(−φ))dω

φτ = δα(φ)
[(

(I(ω)− µin))2 − (I(ω)− µout)2)
)

+ wdiv
(
∇φ

|∇φ|

)] (1.17)

Such a framework was the basis to numerous image segmentation level set
approaches, while certain provisions were made to improve its performance.
In [18] the simplistic Gaussian assumption of the image reconstruction term
(piece-wise constant) was replaced with a non-parametric approximation
density function while in [31] a vectorial un-supervised image/texture seg-
mentation approach was proposed.

Last, but not least in [41] the same framework was extended to deal with
multi-class segmentation. The most notable contribution of this approach is
the significant reduction of the computational cost and the natural handling
(opposite to [44]) of not forming neither vacuums nor overlapping regions.
Such an approach can address the N -class partition problem, using log2(N)
level set functions.

4 Prior Knowledge

Computational vision tasks including image segmentation often refer to
constrained environments. Medical imaging is an example where prior knowl-
edge exists on the structure and the form of the objects to be recovered.
One can claim that the level set method is among the most promising
framework to model-free segmentation. Introducing prior knowledge within
such a framework is a natural extension that could make such level sets an
adequate selection to numerous applications like object extraction, recog-
nition, medical image segmentation, tracking, etc. In [19] a first attempt to
perform knowledge-based segmentation was reported, while later numerous
authors have proposed various alternatives [6, 39, 32, 9].

4.1 Average Models

Statistical representation of shapes is the first step of such an approach.
Given a set of training examples, one would like to recover a representation
of minimal length that can be used to reproduce the training set. To this
end, all shapes of the training set should be registered to the same pose.
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Numerous methods can be found in the literature for shape registration,
an adequate selection for building shape models in the space of implicit
functions is the approach proposed in [15] where registration is addressed
on this space. Without loss of generality we can assume that registration
problem has been solved.

Let SA = {φ1, φ2, ..., φn} be the implicit representations of n training
samples according to a signed Euclidean distance transform. Simple aver-
aging of the shape belonging to the training set can be used to determine
a mean model

φM =
1
n

n∑
i=1

φi (1.18)

that was considered in [19, 39, 9]. Such a model is a not an signed Euclidean
implicit function, an important limitation. However, one can recover a mean
model in the form of a planar curve ΓM through the marching cubes algo-
rithm [20]. Once such a model has been determined, one can impose shape
prior knowledge through the constraint that the object to be recovered at
the image plane Γ that is a clone of the average shape ΓM according to
some transformation:

Γ = A(ΓM) (1.19)

where A can be a linear or non-linear transformation. In [6] prior knowl-
edge has been considered in the form of a mean represented with a signed
distance function. Once such a model was recovered, it was used [6] within
the geodesic active contour model [4] to impose prior knowledge in the level
set space:

E(φ,A) =
∫∫

Ω

δα(φ)
(
g(|∇I|)|∇φ|+ λφ2

M(A(ω))
)
dω (1.20)

where A = (s, θ, (Tx, Ty)) is a similarity transformation that consists of a
scale factor [s], a rotation component [θ] and a translation vector (Tx, Ty).
φM is an implicit representation of the mean model according to a distance
function and λ is a constant that determines the importance of the prior
term. Such an objective function aims at finding a minimal length geodesic
curve that is attracted to the object boundaries and is not far from being
a similarity transformation of the prior model:

φM(A(ΓM)) → 0

Such an approach can be very efficient when modelling shapes of limited
variation. On the other hand, one can claim that for shapes with important
deviation from the mean model the method could fail. Furthermore, given
the small number of constraints when determining the transformation be-
tween the image and the model space the estimation [A] could become a
quite unstable task.
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FIGURE 4. Level set methods, prior knowledge, average models and similarity
invariant object extraction [32] in various pose conditions (i,ii, iii).

Towards a more stable approach to determine the optimal transforma-
tion between the evolving contour and the average model, in [32] a direct
comparison between the contour implicit function and the model distance
transform was used to enforce prior knowledge:

φ(ω) = φM (A(ω))

Despite the fact that distance transforms are robust to local deformations,
invariant to translation and rotation, they are not invariant to scale vari-
ations. Slight modification of the above condition [30] could also lead to
scale invariant term:

sφ(ω) = φM (A(ω))

The minimisation of the SSD between the implicit representations of the
evolving contour and the distance transform of the average prior model can
be considered to impose prior knowledge, or

E(φ,A) =
∫∫

Ω

δα(φ) (sφ(ω)− φM (A(ω)))2 dω (1.21)

a term that is evaluated within the vicinity of the zero level-set contour
(modulo the selection of α). The calculus of variations within a gradient
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descent method can provide the lowest potential of the cost function. Two
unknown variables are to be recovered, the object position (form of function
φ),

d

dτ
φ = −

[
∂

∂φ
δα(φ)

]
((sφ− φM(A)2︸ ︷︷ ︸

area force

−2 δα(φ)s(sφ− φM(A))︸ ︷︷ ︸
shape consistency force

(1.22)

This flow consists of two terms: (i) a shape consistency force that updates
the interface towards a better local much with the prior and (ii) a force
that aims at updating the level set values such that the region on which
the objective functions is evaluated (−α, α) becomes smaller and smaller in
the image plane. In order to better understand the influence of this force,
one can consider a negative φ value, within the range of (−α, α); Such a
term does not change the position of the interface and therefore it could
be omitted:

d

dτ
φ = −2δα(φ)s(sφ− φM(A)) (1.23)

Towards recovering the transformation parameters [A] between the evolv-
ing contour and the average model, a gradient descent approach could be
considered in parallel: A

d

dt
θ = 2

∫
Ω

δε(φ)(sφ− φM(A))(∇φM(A) · ∂

∂θ
A)dΩ

d

dt
Tx = 2

∫
Ω

δε(φ)(sφ− φM(A))(∇φM(A) · ∂

∂Tx
A)dΩ

d

dt
Ty = 2

∫
Ω

δε(φ)(sφ− φM(A))(∇φM(A) · ∂

∂Ty
A)dΩ

d

dt
s = 2

∫
Ω

δε(φ)(sφ− φM(A))(−φ +∇φM(A) · ∂

∂s
A)dΩ

(1.24)

One can refer to very promising results - as shown in [Figure (4)] - on objects
that refer to limited shape variability using such a method [32]. However,
often the object under consideration presents important shape variations
that cannot be accounted for with simple average models. Decomposition
and representation of the training set through linear shape spaces is the
most common method to address such a limitation.

4.2 Prior Knowledge through Linear Shape Spaces

In [19] a principal component analysis on the registered set of the space of
distance functions (training examples) was considered to recover a model
that can account for important shape variations. Similar approach was con-
sider in [39, 2, 33]. Principal component analysis refers to a linear transfor-
mation of variables that retains - for a given number n of operators - the
largest amount of variation within the training data.
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FIGURE 5. Level set methods, prior knowledge, linear shape spaces and Ob-
ject Extraction [33]; segmentation of lateral brain ventricles (Top Left) surface
evolution, (Top Right) projected surface in the learning space and ground-truth
surface (from the training set), (Bottom) surface cut and its projection in the
learning space during surface evolution.

Let φi=1...n be a column vector representation of the training set of n
implicit function elements registered to the same pose. We assume that the
dimensionality of this vector is d. Using the technique introduced in [32] one
can estimate a mean vector φM that is part of the space of implicit functions
and subtract it from the input to obtain zero mean vectors {φ̃i = φi−φM}.

Given the set of training examples and the mean vector, one can define
the d× d covariance matrix:

Σφ̃ = E{φ̃iφ̃
τ
i } (1.25)

It is well known that the principal orthogonal directions of maximum vari-
ation are the eigenvectors of Σφ̃.

One can approximate Σφ̃ with the sample covariance matrix that is given
by [φ̃N φ̃τ

N ], where φ̃N is the matrix formed by concatenating the set of
implicit functions {φ̃i}i=1...n. Then, the eigenvectors of Σφ̃ can be computed
through the singular value decomposition (SVD) of φ̃N :

φ̃N = UDUT (1.26)

The eigenvectors of the covariance matrix Σφ̃ are the columns of the matrix
U (referred to as the basis vectors henceforth) while the elements of the
diagonal matrix D are the square root of the corresponding eigenvalues
and refer to the variance of the data in the direction of the basis vectors.
Such information can be used to determine the number of basis vectors (m)
required to retain a certain percentage of the variance in the data.

Then, one can consider a linear shape space that consists of the (m) basis
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vectors required to retain a certain percentage of the training set:

φ = φM +
m∑

j=1

λj Uj (1.27)

Such linear space can now be used as prior model that refers to a global
transformation A of the average model φM and its local deformation λ =
(λ1, . . . , λm) through a linear combination of the the basis vectors Uj .
Then, object extraction is equivalent with finding a shape for which there
exists such a transformation that will map each value of current represen-
tation to the ”best” level set representation belonging to the class of the
training shapes:

E(φ,A, λ) =
∫

Ω

δε(φ)
(
sφ−

(
φM(A) +

m∑
j=1

λj Uj(A)
))2

dΩ (1.28)

where the rotation factor Uj(A) has to be accounted for when applying
the principal modes of variations to deform the average shape.

In order to minimise the above functional with respect to the evolving
level set representation, the global linear transformation A and the modes
weights λj , we use the calculus of variations. The deformation of φ is guided
by a flow similar to (1.22) that is also the case with respect to the pose
parameters A as shown in (). Last, but not least he differentiation with
respect to the coefficients λ = (λ1, . . . , λm) leads to a linear system that
has a closed form solution V̄ λ = b with:

V̄ (i, j) =
∫

Ω

δε(φ)Ui(A)Uj(A)

b(i) =
∫

Ω

δε(φ)(sφ− φM(A))Ui(A)
(1.29)

where V̄ is a m×m positive definite matrix. Such an approach as shown in
[Figure (5)] - can cope with important shape variations under the assump-
tion that the distribution of the training set is Gaussian and therefore its
PCA is valid.

5 Discussion

In this chapter, we have presented an approach to object extraction through
the level set method that is implicit, intrinsic, parameter free and can
account for topological changes. First, we have introduced a connection
between the active contours, propagation of curves and their level set im-
plementation. Then, we have considered the notion of implicit functions
to represent shapes and define objective functions in such spaces to per-
form object extraction and segmentation. Edge-driven as well as global
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statistical-based region-defined segmentation criteria were presented. In the
last part of the chapter we have presented prominent techniques to account
for prior knowledge on the object to be recovered. To this end, we have in-
troduced constraints of increasing complexity proportional to the spectrum
of expected shape deformations that constraints the evolving interface ac-
cording to the prior knowledge. Therefore one can conclude that the level
set method is an efficient technique to address object extraction, is able to
deal with important shape deformations, topological changes, can integrate
visual cues of different nature and can account for corrupted, incomplete
and occluded data.
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